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ABSTRACT 

We systematically investigate open strings in the plane wave background of type IIB string 
theory. We carefully analyze possible boundary conditions for open strings and find static 
as well as time-dependent branes. The branes fall into equivalence classes depending on 
whether they are related by the action of target space isometries. In particular static 
branes localized at the origin of transverse space and certain time-dependent branes fall 
into the same equivalence class. We analyze thoroughly the symmetries of all branes we 
discuss. Apart from symmetries descending from target space isometries, the worldsheet 
action being free admits a countably infinite number of other global worldsheet symmetries. 
We find that one can use such worldsheet symmetries to restore seemingly broken target 
space symmetries. In particular, we show that D-branes localized at arbitrary constant 
positions which were thought to be 1/4 supersymmetric in fact have sixteen supercharges 
whilst D-branes which were thought to be non-supersymmetric have eight supercharges. 
We discuss in detail the quantization in all cases. 
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1 Introduction and summary of results 

Understanding string theory on backgrounds with Ramond-Ramond (RR) fluxes is an 
important subject. Apart from its intrinsic importance, it has acquired a renewed interest 
due to the AdS/CFT duality. Understanding the gauge theory/gravity correspondence in 
the regime where the gauge theory is weakly coupled requires understanding string theory 
on such backgrounds. Despite considerable effort, however, our understanding remains 
somewhat limited. 

Progress was made recently in [1, 2] where it was shown that closed string theory on a 
specific plane wave background with a RR flux is exactly solvable in the light cone gauge. 
This background is particularly interesting because it is obtained from the AdS§ x S 5 
solution by a Penrose limit [3, 4], The AdS/CFT correspondence then suggests a direct 
relation between gauge theory and string theory on this background, and indeed such a 
connection was proposed in [5]. 

Given the importance of string theory on RR backgrounds, it is of obvious interest 
to understand open strings and D-branes on such backgrounds. D-branes capture non- 
perturbative phenomena in string theory, and as such are bound to play an important role 
in the gravity/gauge theory correspondence. Moreover, much of our intuition about D- 
branes comes from flat space computations, and understanding in detail cases where the 
background is curved and contains RR fields may provide us with new insights. 

Motivated by these issues, we start in this paper a systematic investigation of open 
strings and D-branes on the maximally supersymmetric plane wave background of type IIB 
supergravity [3], henceforth called “the plane wave background”. We analyze in this paper 
the possible D-branes, the quantization of open strings and the symmetries of the open 
string action. In a companion paper we will discuss the corresponding superalgebras and 
the spectra of these D-branes [6]. 

D-branes on the plane wave background have been investigated by various authors. 
Boundary states were constructed in [7, 8], D-branes in open string theory were studied 
in [9, 10], supersymmetric embeddings were classified in [11], supergravity solutions were 
constructed in [12], open-closed string duality was addressed in [8] and the duality with 
gauge theory was discussed in [13, 14, 11, 15]. Aspects of D-branes on this and other plane 
wave backgrounds were also discussed in [16, 17]. All these investigations yielded results 
consistent with each other. We extend these results in various directions and in particular 
find that certain D-branes are more supersymmetric than found previously. We will show 
that certain worldsheet symmetries can be used to restored seemingly broken target space 
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symmetries. The additional supersymmetries originate from such a mechanism. 

Let us first review the existing results. Recall that in the plane wave background the 
eight directions transverse to the lightcone are divided into two sets of four. The target 
space supersymmetry in the lightcone gauge can be divided into dynamical supersymme¬ 
tries Q~ and kinematical supersymmetries Q + . We shall call “dynamical” the supercharges 
that anticommute to the Hamiltonian (plus possibly other generators) and “kinematical” 
the supercharges that anticommute to P + . In the lightcone gauge the latter is just a c- 
number. The kinematical supercharges when evaluated on-shell are proportional to zero 
modes, but the dynamical ones depend on all modes. The half-supersymmetric D-branes 
are found to be of the type (+, —, m, m ± 2), where the notation indicates the worldvolume 
coordinates and m (m ± 2) is the number of worldvolume coordinates in the first (second) 
set of four transverse directions. These D-branes preserve eight dynamical and eight kine¬ 
matical supersymmetries when located at the origin of transverse space [9, 11], but only 
eight kinematical ones when located at an arbitrary constant position [11], D-branes with 
different splitting of coordinates were found to break supersymmetry completely except for 
the case of the D1 brane which preserves eight dynamical supersymmetries irrespectively 
of its transverse position. Supersymmetric embeddings for D-branes that are not visible in 
open string theory in the light-cone gauge (because they wrap only one of the light-cone 
directions) were also discussed in [11]. 

The plane wave/gauge theory duality for the D5 (+, —, 3,1) case was discussed in [13], for 
the D7 (+, —, 4, 2) in [14] and a uniform discussion for all D-branes was presented in [11], In 
particular, it was proposed, and evidence was given, that all half supersymmetric D-branes 
are dual to defect conformal held theories. It was shown in [11] that the (+, —,m,m ± 2) 
probe branes located in the origin of transverse space originate from AdS m + 1 x 5' m + 1±2 
embeddings in AdS§ x S 5 after the Penrose limit. The latter embeddings originate from 
orthogonal intersections D(2m+1±2) T D 3 in the near-horizon limit. The defect conformal 
held theories involved in the gauge theory/plane wave duality are the theories of the (2m + 
2 ± 2)-3 strings (i.e. the strings that stretch between the D(2m + 1 ± 2) and the D 3 brane 
in the orthogonal intersection D(2m + 1 ± 2) T DA). 

In this paper we revisit the analysis of open string theory in the plane wave background. 
Such an analysis for (some) static D-branes was presented in [9, 10] and we will comment 
below on the relation of our results to theirs. The hrst step in our analysis is to determine 
the possible boundary conditions consistent with the variational problem. In addition, the 
Green-Schwarz action should be invariant under local K-symmetry and the closed string 
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action constructed in [1] is indeed /{-symmetric. In order for the corresponding open string 
to be invariant under /{-symmetry one has to verify that the boundary terms that arise 
when checking the invariance of the action also vanish. Such a computation was carried 
out in [18] for flat space, and in [10] for the plane wave background. From the results of 
[ 10 ] one finds that when one imposes the fermionic lightcone gauge 7 + 6 = 0 the boundary 
terms for all the branes we consider vanish. In [10] it was also shown that the boundary 
terms vanish for branes of type (+, —,m,m ± 2 ) localized at the origin of transverse space 
without imposing 7 + 9 = 0. In our case this condition is always satisfied: the starting point 
of our analysis is the action where the kappa symmetry has already been gauge fixed, and 
we soon impose the lightcone and conformal gauges as well. 

In our analysis we discuss both time-dependent as well as static branes. The static 
D-branes are the direct analogue of the ordinary flat space D-branes, i.e. they involve 
Neumann boundary conditions along the worldvolume of the brane and Dirichlet boundary 
conditions along the transverse directions. However, as reviewed above, the branes are 
also distinguished by the distribution of worldvolume coordinates in the transverse to the 
lightcone directions. It is convenient to introduce the notation for the branes with 
worldvolume coordinates (+, — ,m, m ± 2) and D + for all other (+, — ,m, n) branes (recall 
that in open string theory in the lightcone gauge, the lightcone directions are necessarily 
worldvolume coordinates). The reason for this terminology will become apparent in next 
section. Notice that there are only branes for p = 3,5, 7. 

The boundary conditions corresponding to static branes break some of the target space 
isometries. One may use the broken generators to generate new branes which we call 
here “symmetry-related branes”. These are equivalent to the original ones since the two 
are related by an isometric reparametrization of the target spacetime. In particular, we 
discuss in detail the branes obtained by translations and/or boosts of the static branes 
that are localized at the origin of transverse space. These symmetry-related branes satisfy 
time-dependent boundary conditions and in certain cases describe Penrose limits of giant 
gravitons and other rotating branes. 

The boundary conditions are time dependent since in Brinkmann coordinates, which are 
the natural ones for string quantization, the corresponding Killing vectors depend on x + [3] 
and x + is identified with the worldsheet time r in the light-cone gauge. As emphasized in 
[12], such branes are static in the Rosen coordinate system, that is, their transverse position 
is constant, since here the translations act as in flat space [4], Notice that the symmetry- 
related branes that are located away from the origin are distinct from static branes located 
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at arbitrary constant position. (The latter in turn would translate to time-dependent branes 
in the Rosen coordinate system.) We also discuss more general time-dependent boundary 
conditions that are compatible with the variational problem. 

We then proceed to quantize the open string with the boundary conditions just discussed. 
Since the model is free quantization is straightforward: one first expands in modes and 
then imposes the canonical commutation relations. The D- and D + branes differ in their 
fermionic zero modes. For branes these zero modes depend only on the worldsheet 
time coordinate r, see (3.12), and can be obtained from the zero modes of the closed string 
fermions, see (C.2), upon identification. In the case of D + branes, however, the zero modes 
of the fermions depend on the worldsheet space coordinate a, see (3.21), and there is no 
direct relation with the zero modes of the closed string. 

The commutation relations for branes were discussed in [9], and for type Hl-branes 
in [10]. Our results differ from those in these papers in numerical coefficients of the fermionic 
anticommutators, and in that the anticommutator of the zero modes for all D + branes is 
non-trivial. Note that our results have the correct flat space limit including coefficients. 

The target space isometries that are compatible with the boundary conditions become 
symmetries of the open string action. We discuss in detail these symmetries and compute 
the corresponding Noether currents for all cases. In particular, part of the target space 
supersymmetries, which from now on will be called “closed string supersymmetries”, are 
compatible with the open string boundary conditions. Recall that for every Killing spinor 
of the background ^-symmetry implies that the closed string worldsheet action is invariant 
under a target space global supersymmetry. In the open string case, one has to take into 
account the boundary conditions. This was done in [10] and it was found that the allowed 
D-branes preserve exactly the target space supersymmetries found in the analysis of [11], 

One of our main results is that one can restore some of the broken symmetries by 
using worldsheet symmetries. The worldsheet theory in the light cone gauge is quadratic 
in the fields. This implies that that there are an infinite number of symmetries. The 
transformation rules are given by shifting each field by a parameter that satisfies the field 
equations. Such transformations leave the Lagrangian invariant up to total derivative terms. 
The transformations that are compatible with the boundary conditions are true symmetries 
of the theory. Expanding the parameter in a basis we find that there are a countably 
infinite number of such symmetries. The corresponding charges when evaluated on-shell 
are proportional to oscillators. 

Worldsheet transformations that are not compatible with the boundary conditions play 
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a role as well. One may combine them with a seemingly broken target space symmetry 
to obtain a good symmetry. In this way we shall show that we can find eight additional 
dynamical supersymmetries in the case of D _ branes located away from the origin, and 
eight additional kinematical supersymmetries in the case of D1 branes. Thus these branes 
have sixteen supersymmetries but the additional supercharges do not originate from closed 
string supercharges. 

One may understand why the branes possess additional supercharges as follows. In flat 
space, open string boundary conditions compatible with 2N target space supercharges lead 
to N fermionic oscillators at the /cth mode. In the plane wave case the number of closed 
string supersymmetries preserved by our branes is in some cases less than 16, but there are 
still 8 fermionic oscillators at each mode level. These oscillators are spectrum generating 
and in all cases the spectrum automatically falls into supersymmetry representations. The 
corresponding supercharges, however, do not descend from target space superisometries, 
but are instead the new supercharges. 

The paper is organized as follows. In the next section we discuss the variational prob¬ 
lem for the open string in the plane wave background and possible consistent boundary 
conditions (D-branes). In section 3 we discuss the quantization of the open string for all 
cases considered in section 2 and in section 4 the corresponding symmetries and conserved 
charges. We conclude in section 5 with a discussion of our results. We include several ap¬ 
pendices. In appendix A we give conventions and in appendices B and C we review results 
from closed strings in the plane wave background. In appendix D we discuss in detail the 
computation of the (anti)commutation relation for the oscillators. Appendix E contains a 
computation of the supersymmetry of certain time dependent D-branes from the D-brane 
world volume perspective. 

2 Action and boundary conditions 

In what follows we will consider open strings propagating in the maximally supersymmetric 
plane wave background [3] with Brinkmann metric 

8 

ds 2 = 2 dx + dx~ + ^(da/da/ — fi 2 (x I ) 2 (dx + ) 2 ), (2.1) 

i=i 

and RR flux 

F +1234 = F +5678 = 4//. (2.2) 
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It is useful to retain explicitly the mass parameter /x rather than scale it to one since the 
flat space limit will then be manifest 1 . 

The Green-Schwarz action in this background was constructed by Metsaev using super¬ 
coset techniques [1]. Just as for flat space, if one fixes the lightcone fermionic gauge the 
action becomes quadratic in fermions: the k symmetry gauge fixed Green-Schwarz action 
takes the form 

S = T f d 2 a (^—^\/^gg ab (2d a x + dbX~ — n 2 x‘jd a x + dbx + + daX 1 dbX 1 ) 

-iV-99 ab dbX + {d^f~d a 0 + 9^~d a 9 + 2ig,d a x + 9^W) (2.3) 

+ie ab d a x + {0Td b 0 + 0Td b 9 )) . 

In this expression g ab is the worldsheet metric with (r, a) the worldsheet coordinates and 
e 01 = 1. (x + ,x _ ,x 7 ) are the bosonic coordinates of the target superspace whilst 9 is a 
complex Weyl spinor satisfying the fermionic lightcone gauge condition 7 + 9 = 0. Here 
we use the spinor notation of [ 1 ], namely 7 ^ and 7 ^ are the the off-diagonal parts of the 
32-dinrensional gamma matrices T M . Our conventions are given in appendix A. Note that 
the complex Weyl spinor can be replaced by two real Majorana spinors such that 

6 = -L(6 1 + i9 2 ) ] (2.4) 

we will use both in what follows, according to convenience. The explicit appearance of 
n = 7 1234 in the action reflects the fact that the RR flux background breaks the transverse 
symmetry to SO( 4) x S , 0(4) / . The overall normalization of the action T is taken to be 
the inverse of the length of the string (that is, 2ir for the closed string and it for the open 
string). 

We would now like to derive the field equations for the open strings. To do this one 
should consider variations of the action (2.3); these will include both bulk and boundary 
terms which may schematically be represented as 

5S = T [ d 2 ad z m F m (z n ) + [ da a dz m G a m (z n ), (2.5) 

J £ Jd £ 

where z m extends over all the coordinates of the target superspace, which in this case 
are (x + , x~, x 1 , 9 1 ,9 2 ), and the second integral is over the worldsheet boundary, <9X. One 
should then choose boundary conditions and if necessary add boundary terms such that 
x We use the supergravity conventions given in appendix A of [11]. Compared with the conventions in [1] 
one should rescale F$ by a factor of 2. We also note that the coordinates used here are related to those used 
in (6.12)-(6.13) of [11] by x + —> gx + ,x~ —> —l/(2fj,)x~,x I —> x 1 . 
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the variational problem is well defined, i.e. so that SS = 0 implies the field equations. 
We discuss this procedure in detail here since we are interested in non-standard boundary 
conditions. 

Usually the boundary conditions chosen will automatically set to zero Sz' m G^ n for each 
m, and then F m = 0 will give us the full complement of field equations. However, one 
may also wish to implement boundary conditions for which one or more component of 
Sz m G^ n is non-vanishing and is not cancelled by another component. In this case it would 
be necessary to add further boundary terms to the action such that under variations with 
these boundary conditions the total variation is zero on the boundary (for each m) 2 . 
We will impose fermionic boundary conditions such that 59 1 G cancels with S9 2 G e ^\ this 
relates 9 1 to 9 2 on the boundary and reduces the number of independent fermionic degrees of 
freedom propagating on the worldsheet. Note that locality requires that the boundary terms 
vanish separately at each boundary: only non-local conditions could implement cancellation 
between terms at different boundaries. 

Before presenting the explicit forms for the variations of the action (2.3) let us comment 
that by starting with an action in which the kappa symmetry has already been fixed we 
will necessarily exclude boundary conditions (and hence D-branes) which are not compat¬ 
ible with this fermionic gauge choice. These include branes along one lightcone direction 
discussed in [11], Furthermore, as mentioned in the introduction, it is important that the 
boundary conditions we consider here are, using the results of [10], compatible with the 
kappa symmetry of the original non gauge-fixed action given in [1], 


So let us now consider the variation of the bulk action (2.3). Under x~ variations one 
obtains 

SS = T ^ j d 2 a5x~d a — J da a Sx~^j \/—gg ab d b x + 1 (2-6) 

whilst under x 1 variations one finds 

SS = T f d 2 a (d a {V^gg ab dbx 1 ) + g^x 1 y/^gg ab d a x + d b x + ^j Sx 1 

J s 

f da a \f^gg ab d b x I 5x I . 

JdY, 


-T 

The x + variations give 
SS = T 


(2.7) 


(^j d 2 aSx + d a — J da a Sx + ^j ^—ie ab (9 lr y d b 9 2 — 0 2 q c\9 2 )+ (2.8) 

V^g ab [d b x- - g 2 xjd b x + + i(9^ ~d b 9 l + 9 2 ^~d b 9 2 - ^d b x + 9 1 ^-m 2 )] s j . 


2 One would also have to check that corresponding boundary terms added to the original action (before 
fixing kappa symmetry) ensure that the total action is k symmetric with these boundary conditions. 



The 9 1 variations give 


SS = T J^dPaSe 1 (~id a {^g ab d b x + ){ ^O 1 ) 

-2i^7jg ah d b x + ( 7 - d,fi x - pd a x+T^ 2 ) + 2ie ab d a x + j~d b 9^ 

+T J da a [s/^~gg ah + e afe ) id h x + 56 l TO 1 

whilst the 9 2 variations give 

5S = T f d 2 a59 2 (-id a {^g ab d b x + ){T0 2 ) 

J s 

-2i^jg ab d b x + {Td a 0 2 + gdaX+TVe 1 ) - 2ie ab d a x + Td b 9^ 
+T j da a (y^gg ab - e ab ^j id b x + 59 2 j~9 2 . 

Furthermore the worldsheet energy momentum tensor is 

Tab = ~ J,"~J —= j^gab = ^ a b ~ 2^9 T c p)g ab ] 

L ab = 2d( a x + d b )X~ - g 2 x 2 I d a x + d b x + + d a x ! d b x ! 

+2id( a x + ( 0 1 7 _ d b )9 1 + 6 2 ^~d b )6 2 — 2gd b ')X + 9 l ^H9 2 ), 


(2.9) 


( 2 . 10 ) 


( 2 . 11 ) 

( 2 . 12 ) 


Here and in all that follows we (anti)symmetrise with unit strength. Notice that the stress 
energy tensor is traceless, i.e. 

g ab T ab = 0. (2.13) 

The field equations obtained by varying the worldsheet metric (Virasoro constraints) amount 
to T ab = 0. 


In the following sections we will consider open strings with a variety of different boundary 
conditions correspondent to D-branes. We now describe in detail these boundary conditions. 


2.1 Static D-branes 

The simplest and most familiar choice of boundary conditions corresponds to static D- 
branes. For these, the bosonic boundary conditions are as follows. We first impose Neu¬ 
mann conditions on (p — 1) transverse coordinates and Dirichlet boundary conditions on 
the remaining transverse coordinates: 

d a x r \ = 0, r = 1,.., (p — 1) (2.14) 

d T x r | = 0, r' = p,.., 8. 
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Our index conventions are as follows: we use indices, r,s,t = 1 ,(p — 1 ), from the end of 
the latin alphabet to denote coordinates with Neumann boundary conditions, and primed 
indices of the same letters, r', s', t! = p, .., 8, to denote coordinates with Dirichlet boundary 
conditions. Latin indices, i,j = 1, ..,4, and i',f = 5, .., 8 , from the middle of the alphabet 
are used for the two sets of the transverse coordinates that transform among themselves 
under the 50(4) and the 50(4)', respectively. 

We fix the boundary of the worldsheet to be at a = 0, ir and denote by A\ the restriction 
of a quantity to the boundary. We also at this stage fix conformal gauge for the worldsheet 
metric —goo = Shi = 1- Note that as usual we have assumed that all variations vanish at 
r —> Too and so we need only consider the spatial boundary of the worldsheet. We also 
choose x + to satisfy a Neumann condition. 

Now such boundary conditions remove all boundary terms in (2.6) and (2.7). The 
resulting field equation for x + together with the Neumann boundary condition forces us into 
bosonic lightcone gauge x + = p + r. (Note that one can also include an overall integration 
constant but since it does not play a role we do not include it here.) 

Appropriate fermion boundary conditions are 

e 1 \ = ne 2 \, ( 2 . 15 ) 

at a = 0 and a = it. Q is a real (constant) 16 x 16 dimensional matrix. Different matrices 
ft can be used at a = 0 and a = 7r, as representing open string extending between distinct 
branes, but here we take ft to be the same at both ends. Such a boundary condition 
necessarily reduces the number of independent fermion modes by one half and preserves 
at most one half of the supersymmetry. As previously advertised, the fermionic boundary 
condition (2.15) can cancel boundary terms between (2.9) and (2.10). That is, given the 
Neumann boundary condition on x + and since 59 1 = fl59 2 on the boundary to preserve 
(2.15) we are left with a fermion boundary term proportional to 

(<$ 0 1 7 “ 0 1 -$ 0 2 7 “ 0 2 )|, (2.16) 

which vanishes provided that ft satisfies 

fl^-fl = 7 -, (2.17) 

where fj is the transpose of ft. The fact that 9 1 and 9 2 have the same chirality implies 
that ft should contain an even number of 7 matrices, and using the lightcone condition 
7 + 9 1 - 2 = 0 one finds that fl may not contain 7 + or 7 “. It then follows from (2.17) that 
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17 should be an orthogonal matrix, 17*17 = 1. Furthermore, the study of supersymmetry in 
later sections divides the discussion into 17 that satisfy one of the following two conditions 

: 17ni7n = - 1 , D + : 17111711 = 1 . (2.18) 

We will call the branes that satisfy the former condition “Z7_ branes”, and the ones that 
satisfy the latter condition “Z7 + branes”. As we will discuss in the next section, for a single 
D-brane the appropriate 17 is the product of gamma matrices 7 ”' where r' is transverse to 
the D-brane 3 . 

After fixing bosonic lightcone gauge (x + = p + r) and conformal gauge (—500 = S 11 = 1) 
the action becomes 

S = T j d 2 a ( p + d T x~ + ^(( d T x I ) 2 — (d^x 1 ) 2 — m 2 (x 1 ) 2 ) (2-19) 

+ip+{9 1 Td+e 1 + 9 2 Td-9 2 - 2m9 l T™ 2 )) . 

Here d± = d T ± d a and m = pp + . The field equations for (x 1 ,9 1 ,9 2 ) in bosonic lightcone 
gauge and conformal gauge (—goo = <J\ 1 = 1 ) are then 

(d-d + + m 2 )x I = 0; 

(d+9 l -mm 2 ) = 0; (2.20) 

(< d-9 2 + mH9 l ) = 0, 

to be solved together with the boundary conditions (2.14) and (2.15). 

The Virasoro constraints in bosonic lightcone gauge and in conformal gauge for the 
metric are 


Tar = p + [d a x~ + i(9 l ^~d a 9 l + 9 2 *f~d (T 9 2 )\ + drX 1 daX 1 = 0; (2.21) 

T tt = p + [d T x~ + i(9 1 j~d r 9 1 + 9 2 ^~d T 9 2 — 2m9 1 ^Yl9 2 )} 

— ^(m 2 (x 1 ) 2 - ( d T x I ) 2 - (daX 1 ) 2 ) = 0. 

From (2.8), once we fix both bosonic lightcone gauge and conformal gauge, we get 

5S = T j d 2 a5x + (p + )~ l (y—d T T TT + d a T aT + drX 1 (d+d-x 1 + m^x 1 ) (2.22) 

—2ip + [d T 9 1 ^~(d + 9 1 — mli9 2 ) + d T 9 2 ^~ (d^9 2 + mn# 1 )]) 

_ - T S d ^(^ - + + e W)) . 

3 Other choices of S7 are compatible with preserving closed string kinematical supersymmetries but not 
with dynamical supersymmetries. They will also generically break worldvolume covariance. We will not 
pursue such alternative boundary conditions here. 
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In the bulk term we have rewritten terms involving x~ using (T Tr ,T rcr ) from (2.21) whilst 
in the boundary term we have already dropped terms which vanish because of the boundary 
conditions imposed on (x 1 , x + , 9 l , 9 2 ). Now to make the variational problem well defined, 
the boundary term should vanish. This means that 

(d a x~ + i{9 l ^~d a 9 l + 9 2 ^~d a 9 2 )) \ = 0 (2.23) 


at the boundary. This condition is automatically satisfied provided the Virasoro constraint 
T ar = 0 holds on the boundary. For both D_ and D + branes the fermion bilinear in (2.23) 
vanishes at the boundary 4 , so x~ satisfies a Neumann boundary condition. 

Each term in the bulk variation involves either a Virasoro constraint or a field equation. 
Thus the bulk variation term vanishes automatically for all 5x + provided that we impose 
the other field equations and the Virasoro constraints. One can understand this result as 
follows. Recall that given a conserved current Q a that generates symmetry transformations 
S(f) A , where (f> A are all the fields in the theory, its divergence is equal to 


d a G a 



(2.24) 


where it is understood that the parameter of the transformation has been removed from 
d(j) A . 5 In addition, in the presence of boundaries the spatial components of the current 
should vanish at the boundary. The derivation of the latter is elementary and will be 
presented in section 4.2. 

Now let us apply this result to the current T ar that generates worldsheet time transla¬ 


tions, 

9 ‘ T " = + 9 ' x '^ + d ^m + + r%x ~IF- (2 ' 25> 

In the light-cone gauge d T x + = p + , so 

Jf = - W'w - {2M> 

It follows that the x + field equation is implied by the Virasoro constraints and the other 
field equations (notice that in our case 5S/8x~ is identically equal to zero). One can readily 
check that (2.22) agrees with (2.26). In addition, T aT should vanish at the boundary in 
order for the current T ar to lead to a conserved current, and this gives exactly (2.23). 

4 To show this notice that for D _ and D+ branes the boundary condition (2.15) together with the field 
equation imply d a 9 1 \ = —Q.d CJ 9 2 \ and d a 9 1 \ = (— Q.d CJ 9 2 + 2?nn# 2 )|, respectively. In the latter case the 
vanishing of the bilinear in (2.23) follows upon using the fact that fill is a symmetric matrix, for the ft given 
in (3.20). 

5 Given a Lagrangian L that transforms under a symmetry as 8L = d a k a , for some k a (so that the action 
is invariant), the Noether current is given by Q a = dL/{d{d a 4> A ))8(j> A — k a . Taking the divergence of this 
expression one gets (2.24). 
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2.2 Symmetry-related D-branes 


Let G be the isometry group of the target spacetime. An isometry of the target spacetime 
may or may not leave invariant a given set of boundary conditions for open strings. Let H be 
the subgroup of G that respects the boundary conditions. These transformations descend to 
symmetries of the open string action and will be discussed in the next section. On the other 
hand, the action of the coset generators G/H results in new D-branes (i.e. open strings 
with a different boundary condition), which however may be considered as equivalent to the 
original ones since the two D-branes are related by an isometric reparametrization of the 
target spacetime. In this subsection we discuss the branes that are in the same equivalence 
class as the static branes; we refer to them as symmetry related branes. 

The full set of (infinitesimal) bosonic isometries of the pp-wave background is as follows 
[3] (fermionic isometries will be discussed in the next section). Translations generated by 
P± and P 1 are given by 


P ± : Sx T ; (2.27) 

P 1 : 8x~ = n sm/j,x + e I x I , Sx 1 = cos gx + e 1 . (2.28) 

The rotational currents J +I , and J 1 ' 1 ' (where x i and x*' parametrise 50(4) and SO (A)' 

respectively) are associated with the respective transformations 


J +1 : 5x = — cos gx + e 1 x 1 , Sx 1 = g 1 singx + e I ] 

J ij : Sx* = -e ij x j , 56 = -{e ij f j 6; 

J i,j ' : Sx*' = -e i,j 'x j ' f 56 = 

where eand e ^,J, = —p' 1 ’. 

Let us consider a finite P r ' translation, 

x~ = x~ — [is'm(ij,x + )x r a r + sin(^x + ) cos(/j,x + )(a r ) 2 ; 
x r = x r — cos (fix + )a r , 


(2.29) 

(2.30) 

(2.31) 


(2.32) 


where a r ' is a finite global parameter, and the rest of the coordinates are unchanged. One 
easily checks that this is an isometry: g^x 1 ' = 9x> i x u - 

Now we consider “standard” static boundary conditions in this new coordinate system, 
namely 

d ry x + \ = 0; x r | = 0; d a x~\ = 0. (2.33) 


These boundary conditions correspond to the following conditions in our original coordinate 
system: 

d a x + \ = 0; d a x~\ = gsm(ij,x + )a r 'd a x r '\\ x r '\ = a r ' cos(gx + )\. (2.34) 
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Note that in the modified boundary conditions (2.34) the Dirichlet position x r is not con¬ 
stant but is explicitly time dependent. This results of course from the explicit time (.t + ) 
dependence of the translation Killing vectors. In the flat space limit (// —> 0), the Dirichlet 
position is purely constant, since the explicit time dependence drops out of the isometry. 

One can also act with the other Killing vectors of the background on the standard 
boundary conditions to generate modified boundary conditions. The action of isometries 
along the worldvolume is trivial in the sense that this simply maps each point on the world- 
volume to another point on the worldvolume, without affecting the transverse positions. 
Thus the boundary conditions are not affected by the action of these isometries. These 
isometries generate symmetries of the D-brane, and are discussed in the next section. 

The only isometries which will generate distinct embeddings are P r ', J +r ' and J rr '. The 
action of J +r ' will be very similar to that of P r ' (effectively exchanging sines and cosines 
in the expressions given above). Thus a brane which is shifted by a combination of P r ' and 
J +r ' transformations will have boundary conditions: 

x r '\ = ( a r ' cos (^x + ) + b r> sin(^x + ))|. (2.35) 

Here both a r ' and b r> are constant vectors in the Dirichlet directions. When these vectors 
are orthogonal, say a r ' = a and b s ' = b , the string traces out a trajectory of an ellipse in the 
(rV) plane, with angular velocity jj, with respect to x + . Thus these boundary conditions 
are appropriate to describe a rotating brane. In particular, they describe the branes arising 
from Penrose limits of giant gravitons. 

When either of a or b are zero, the brane oscillates along a line. (2.35) represents the 
most general symmetry related brane boundary condition, up to the action of the surviving 
symmetries, and is the condition we will use in what follows. The surviving symmetries can 
shift, for example, x + —> x + + Xq which changes the phase of the motion. 

The rotational symmetries J IJ in the pp-wave background act exactly as in flat space. 
Under a finite J 1 ' 3 transformation, 

x 1 = x 1 cos a — x 3 sin a, x 3 = x 3 cos a + x 1 sin a, (2.36) 

where a is a finite global parameter. If both coordinates are originally Dirichlet they will 
both remain Dirichlet after the rotation. Furthermore, if the transverse coordinates are 
zero, the rotation will act trivially. However, if i = r (Neumann) and j = r' (Dirichlet) 
the boundary conditions will be mixed after the rotation: as we said above, the broken J rr 
symmetry does act non-trivially. Since the J rr transformations are independent of jj, the 
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discussion of such rotated branes mirrors that in flat space (see for example [19]) and we 
will not consider them further here. 

One should contrast the above discussion with the case of branes in flat space. In that 
case, d r i is Killing vector and one can use this isometry to position a D-brane at any 
constant transverse position. In the pp-wave background, however, it is P r rather than 
d r > that is the Killing vector. Thus, even though the pp-wave geometry is homogeneous, 
and any two points are related by a symmetry transformation, this does not mean that 
static branes at distinct constant values of x r ' are related by symmetry. The symmetry 
transformation relates static boundary conditions to time dependent ones. 

2.3 Time-dependent D-branes 

We should note here that one can also consider more general time dependent boundary con¬ 
ditions for the open strings. Such boundary conditions are consistent open string boundary 
conditions in bosonic lightcone gauge, both in flat space and in the pp-wave background. 
In fact, any transverse boundary conditions of the form 

x r '\ =x r \x + )\ (2.37) 

are consistent with the field equations (2.20) in light cone gauge. To see this first notice 
that the choice of bosonic light cone gauge allows arbitrary 5x + on the boundary. Now 
consider what variations 5x r ' preserve the boundary conditions (2.37): we need to enforce 

p + 5x r '\ = ( d r x r ')5x + \, (2.38) 

on the boundary. For the fermionic boundary conditions let us assume the same condition 
as for the static D-branes holds, namely (2.15) holds on the boundary, with appropriate D 
that satisfies DIIDn = ±1. Now if we substitute these boundary conditions into the action 
variation given in (2.6), (2.7), (2.8), (2.9) and (2.10) we are left with the following boundary 
term 

5S = — J dr (d a x I 5x I + 5x + d a x ~) ; (2.39) 

= -(p+rlftrte+la.JaJ+p+H*-) =-(p+)-/drfa+r„, 

where in the second line we have used d c x r = 0 for Neumann directions and (2.38) for the 
transverse “Dirichlet” directions. So the boundary term again vanishes, provided that we 
impose the Virasoro constraint T rcr = 0 on the boundary. We are then left with the usual 
field equations (2.20) along with the boundary conditions (2.37) and (2.15). Thus time 
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dependent transverse boundary conditions are consistent with the usual field equations 
(even in flat space, since nowhere did we require /i / 0) regardless of the explicit x + 
dependence. Furthermore, such boundary conditions also solve the DBI field equations. It 
was already known in flat space that even arbitrary x r (x + ) is consistent with preservation 
of one quarter supersymmetry (half the kinematical supercharges), see for example [20], but 
later we will show that in fact such branes admit a full compliment of sixteen supercharges. 

In this section we have considered a number of generalized Dirichlet boundary conditions 
for open strings. We should also mention that it would be interesting to consider branes 
carrying fluxes. It was found in [11] and [16] that certain constant fluxes can displace 
with D-branes from the origin while preserving the same 16 supercharges as the brane at 
the origin and certain D + 5-branes with non-constant fluxes preserved one quarter of the 
supersymmetry [11], We leave for future work the exploration of the related open strings 
coupling to flux condensates. 


3 Canonical Quantization 


In this section we present the canonical quantization of open strings with the various bound¬ 
ary conditions just discussed. It is useful to start by recalling the solutions of the field 
equations (2.20) without imposing any restrictions due to boundary conditions and/or the 
reality conditions of the fields. Recall that the most general solutions of the equation 

(dl - dl + m 2 )(t) = 0, (3.1) 


are 

Mr, <t) = e~ i( ' WkT+ka \ Mr, <*) = (3.2) 

where uo k = sgn (k)Vk 2 + m 2 , k is an arbitrary complex parameter, and sgn (k) = '/k 2 /k. 

Notice that the choices k = 0 and k = ±im are special, because in these cases 4> k depends 

only on one of the two worldsheet coordinates, 

0o = e- imr , 4>im = e mcr , 4>-im. = e~ ma . (3.3) 

Given a solution of (3.1) one can construct a solution of the fermionic equations as 

9 1 = id k (j) k Ue k + Ml, 9 2 = Mk ~ idifaHei, (3.4) 


where e k and e/ are (independent) constant spinors, k and l are general complex parameters 
and 


4 = — - k). 

m 


(3.5) 
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3.1 Mode expansions 


The mode expansions for the closed and open strings with various boundary conditions 
follow from the results we just presented by imposing appropriate boundary conditions. 

For closed strings the complete set of solutions of (3.1) is given by (3.2) with k integral. 
The mode expansions of the bosonic and fermionic coordinates were given in [2] and we 
summarise these results for later convenience in appendix C. 

The explicit solution for the bosonic coordinates for a string with (p — 1) Neumann 
boundary conditions and “generalized” Dirichlet boundary conditions on the remaining 
coordinates is given by 


x r (a, t ) 

= Xq cos(tot) 

+ to Vo sin(mr) 

1 + i ^ lo u 1 a r n e ZUJnT cos(mr); 

n^O 

(3.6) 

x r '(cr, r) 

II 

° ~i. 

fT 

+ 

n^O 

sin(mr), 

(3.7) 


where the zero mode part, Xq'( cr, t), satisfies (3.1) and its exact form depends on the bound¬ 
ary conditions under consideration. The two types of zero modes we will consider are the 
following. For a static brane located at Xq it is 


x 0 




+ 1 


(3.8) 


For the symmetry related branes, as discussed in section 2.2, the appropriate zero modes 
can be read off from (2.35). Reality of the bosonic coordinates requires that the zero modes 
are real and 


«n = (a'jt, 


(3.9) 


It is convenient to discuss separately D_ and D + branes. The 12 appropriate to a single 
static D-brane is a product of the gamma matrices with indices along transverse directions: 

8 

n=n^ r '- ( 3 - iq ) 

r'=p 

For the corresponding anti-brane, 12 —> —12. 


3.1.1 Z2„ branes 

For these there are the following possibilities: 


D 7 : 

(+i ~> 2,4) 

(+, “,4, 2) 


D5 : 

(+, —, 1, 3) 

(+, —, 3,1) 

(3.11) 

D3 : 

(+,-,0,2) 

(+,-,2,0). 
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In these expressions we divide the eight transverse coordinates into two groups of four, 
reflecting the SO(4) x 50(4)' symmetry of the background. Following the notation of [11], 
(m, n) implies that there are m Neumann directions in the first group and n in the second. 
Solving the fermion equations of motion, the mode expansions are 


9 1 = #o cos (rnr) + 6*o sin(mr) + \idnW n <t>n + 0n4>nj (3-12) 

n^O 

9 2 = U9 0 cos(mr) - n0 o sin(mr) + ^ c n (^-id n Il9 n 4> n + 9 n (j ) n ^ , 

n^O 


where < j) n and (j) n are given in (3.2), n is an integer and 


1 

Cn ■ 7TT5- 


(3.13) 


Notice that the zero mode part is also of the form (3.4). In particular, if eo = 9q + i6o then 
the zero modes of 9\ and 9-2 are given by 9 1 = Re((/>oeo) and 9 2 = Re(— ido^olleo). 

The boundary condition enforces 


% = -Sme 0 ; 9 n = St9 n . 


(3.14) 


Combined with the chirality and light cone gauge constraints on 9 this reduces the number 
of independent zero modes to eight. Reality of the spinors requires that 

0- n = {0n) ] - (3.15) 

For canonical quantisation we introduce canonical momenta 

P 1 = x 1 , V Ia = 9 Ia , (3.16) 

where X = 1,2. Constraints on the fermionic phase space can be incorporated using Dirac 
brackets. The classical Poisson-Dirac brackets are given by [1] 

[P / (^),x J (a')]p.B. = nS IJ 6(<7.e'); (3.17) 

{(« 1 )>),(0 1 )V)}d.b. = ^(7 + )“ 9 <5(<7<0; 

«(> 2 )«m,(0 2 )'V)}d.b. = ^ 

K , («‘)>b = (« 2 )>.b = ~(« 2 )“, 

where Xq is the zero mode of Xq which satisfies [p + ,Xq] = ir. All remaining brackets are 
zero. We now substitute the mode expansions into these relations to determine the Poisson- 
Dirac brackets for the oscillators; this involves decomposing the delta functions in terms of 
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functions which are orthogonal over the domain [0,7r]. We give details of the calculation of 
oscillator commutation relations in appendix D. 

Canonical quantization proceeds by replacing in the Poisson-Dirac brackets by 

—*[.,.}. The (anti)commutators are found to be 

[a^af} = sgn(n )6 n+ iS IJ , [ag, ag] = (3.18) 

«.<} = 4 +( 7 + + K,<}=-^(l + )° l3 Sn +m ,0, 

with 


1 


,(p r 0 + imx[ i) 


1 


--{Po - imx o), 



(3.19) 


“U rn -CPU 1 '""'"U/I “U rn - v 

V 2 m V 2m 

Notice that the coefficient of the fermionic anti-commutators differs by a factor of two from 
the closed string result (C.5). This is a factor which is well-known in the flat space limit. 
For the two types of generalized Dirichlet boundary conditions we consider, (3.8) and (2.35), 
the zero modes in the Dirichlet bosonic coordinates are found to commute with themselves 
and all of the other oscillators. Thus x r 0 ' and the radii for the symmetry related branes, a r ' 
and b r , are effectively c-numbers. 


3.1.2 D + branes 

In this case we have the following possibilities: 

D9 : (+,-,4,4) 

D7 : (+,-,3,3) 

D5 : (+,-,0,4) (+,-,2,2) (+,-,4,0) (3.20) 

D3 : (+,-,1,1) 

Dl : (+,-,0,0). 

We should add the caveat here that (+, —, 0,4) and (+, —, 4,0) constant embeddings do not 

solve the DBI field equations without the introduction of worldvolume flux [11]. Neverthe¬ 
less, these branes appear to be on equal footing with the other ones as far as the analysis 
in this paper is concerned. 

For branes in (3.20) the mode expansion of the bosons is exactly as for the D_ branes 
and for the fermions we find that 6 

6 1 = $o"e mCT + e ma 4" c n (id n I19n4>n + ; (3-21) 

«+ o 

6 Note that possible terms in the mode expansion of the form #j.e l “ fe ' r±fc<T , with k 2 + m 2 are excluded by 
the boundary conditions. 
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e 2 = 110+e™ - U6q e~ ma + Y J c n {-id n mj n + Mn) , 

n^- 0 

Notice that the zero mode part can be rewritten in the same form as the non-zero modes, 
but now instead of 4>q one should use (j) rrn and (using the notation introduced in (3.2)). 
The boundary condition enforces 

6± = (3.22) 

On = cl(Q( 1 - d 2 n ) - 2id n YV)0 n . 


Reality of the fermions is enforced by 


0-n = (0n)\ (3.23) 

with 6 ^ real. 

Canonical quantization proceeds as before by introducing canonical momenta; details of 
the analysis are given in the appendix. The (anti)commutators are given by 



{V + 0+,V + 0+} 


IJ 


sgn(n)5 n+ i fi 5 
^ T ( 7 + )“^n +m ,o; 


= 5 r 


Ap+iye^m ’ 

irme 27rm _ , 

-P-'7 + 

Ap+(e 2nm -l) 


We include in these brackets the projections 


(3.24) 


v± = i(i±nn), 


(3.25) 


which enforce the constraints on the zero modes. Note that in the m —> 0 limit, the fermion 
zero mode terms reproduce those in the previous section, as they must. Again the zero 
modes in the Dirichlet coordinates do not have conjugate momenta and commute with all 
of the oscillators. 


4 Worldsheet symmetries and conserved charges 

In this section we discuss the construction of symmetry generating charges from conserved 
currents in the presence of worldsheet boundaries. In a flat target space, one often obtains 
these using a proper doubling of the interval so that classical open string solutions satisfy 
periodic boundary conditions for [0,27r]; one then substitutes the mode expansions into 
the expressions for the closed string supercharges. Here it is not obvious how to apply 
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such a doubling trick since the mode expansions involve non-periodic functions (see, for 
instance, (3.21)). Instead, we will consider the symmetries of the worldsheet action with 
given boundary conditions from first principles. 

In sigma models the isometries of the target spacetime result in conserved worldsheet 
currents. However, these are not the only global symmetries. In our case the light-cone 
action is quadratic in the fields and this implies that there are an infinite number of global 
worldsheet symmetries. Particular cases of these symmetries are some of the target space 
kinematical symmetries (to be discussed below). 

If the closed string action is invariant under a given set of symmetry transformations, 
the open string action will only be invariant under a subset of these transformations which 
is compatible with the (given) boundary conditions on the worldsheet fields. A novel feature 
for our open strings is that in some cases it is a combination of target space and worldsheet 
symmetries that is compatible with the chosen boundary conditions. 

4.1 Closed strings 

To obtain the symmetry currents we use the standard Noether method based on localisation 
of the parameters of global transformations. It is useful to first recall the symmetries of the 
action (2.19) when the string worldsheet is closed. Suppose that e is a parameter of a global 
transformation that leaves the action invariant (up to total derivative terms which vanish 
when the worldsheet is closed); then when e becomes local the variation of the action takes 
the form 

5S = T J d 2 aG a d a e, (4.1) 

where Q a is the corresponding symmetry current. As usual this implies that there is a 
conserved symmetry current, d a Q a = 0, with a corresponding conserved charge given by 

p2n 

G = T daQ r . (4.2) 

Jo 

We take all generators to be Hermitian. We normalize the currents such that the Poisson 
bracket of a bosonic generator with a held $ yields the corresponding symmetry variation, 
<54?, but the Poisson bracket of a fermionic generator yields, — i<54>. The factor of i is 
required by the reality conditions; alternatively one can consider anti-Hermitian fermionic 
generators. 

The isometries of the target space give rise to global worldsheet symmetries. The deriva¬ 
tion of the transformation rules and of the corresponding Noether currents and charges has 
been given by Metsaev in [1], What we would like to point out here is that some of these 
symmetries admit an infinite extension. 
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Let us consider the transformation 


Sx 1 = e 1 <t>(T, a), p + 8x =—x 1 e 1 d r (f>(T, a). (4-3) 

The Lagrangian in (2.19) is invariant (up to spatial total derivatives) under this symmetry 
provided a) satisfies 

{d 2 — d 2 + m 2 )4> = 0. (4.4) 

The associated conserved currents are 

P^ T = d T x : 4> — x I d T (f) ; (4.5) 

P 1 ^ = X I d a <$> - d a x I (j). 

For the closed string, only those (j) which respect the periodicity of the worldsheet give rise 
to conserved charges. The complete set of solutions of (4.4) subject to periodic boundary 
conditions are given by (j) n and (j) ni introduced in (3.2), with n an integer. It follows that 
there is a (countably) infinite number of symmetries. For each n there are two (complex) 
conserved charges, the first being 

Pn = T J da^drX^-n - x I d T <f>- n ), (4.6) 

and the other P 21 , which is the same as P r |/ but with 0_ n replaced by <p - n . Notice that 
complex conjugation relates P ;= 1,2 to P^n- 

The n = 0 case is special in that we recover symmetries associated with the isometries 
of the target space. Using (j) = cos mr , the transformation (4.3) reduces to the translation 
isometry given in (2.28), and using (j) = sinmr we obtain the rotational isometry given 
in (2.29). In terms of currents 

P 1 = RePo, J +I = ImPg. (4.7) 

Notice that only in the n = 0 case does the function / depend only on worldsheet time, and 
so by using the lightcone relation, x + = p + r, the symmetries can be expressed in terms of 
target space coordinates. All the other symmetries are stringy extensions. 

There is a corresponding story involving the fermions: a shift in the fermions by a 
parameter that satisfies the fermionic held equation is a symmetry of the action (2.19). 
There is again a countably infinite number of such transformations, 


59 l 

Cn(id n Tl6 n (f>n + € n (j)ri)'i 

(4.8) 

59 2 

Cn( ^11 dnCfifin 


5x~ 

= i(6 l ^~56 l + e 2 ^~se 2 ), 
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where md n = (ui n — n ), c n = (1 + d 2 ) 1 / 2 , the constant spinors e n satisfy 7 + e n = 0 , n > 0 
is integral (n = 0 is considered below). The current associated with the symmetry is 

Q- n = 2p + ^~{6 1 - id n Ild' 2 )c n (t) n ; (4.9) 

Q l - n = 2p + ^f~{6 1 + id n H9 2 )cn4> n , 

and that associated with e 2 symmetry is 

Q 2 - n = 2p + ^~(0 2 + id n ll0 1 )c n (j) n ; (4.10) 

Q 2 ° n = - 2 p + 7 ~( 0 2 -id n I10 l )c n <j) n . 

Both currents are conserved when the fermions are on-shell. 

The n = 0 case is special. In this case the transformations are given by 

59 1 = cos mre 2 — sin mrlle 1 ; 

59 2 = —(cos mre 1 + sin mrlle 2 ); (4-11) 

Sx~ = + 9 2 j~59 2 ). 

Since these only depend on r they can be written entirely in terms of target space coordi¬ 
nates. These transformations are precisely the kinematical supersymmetry transformations 
obtained in [1], The corresponding Noether currents are 

Q +lr = 2p + ^y~ (cos px + 6 2 + sin px + U9 1 )-, 

Q +la = 2 p + 7 _ (— cospx + 9 2 + sin/ix + II0 1 ); (4.12) 

Q +2t = — 2 p + 7 _ (cos^x + 0 1 — sin / n.T + II0 2 ); 

Q +2a = — 2p + (cos px + 9 1 + sin / u.T + II0 2 ); 

These expressions agree with the ones given in [1], 

The action (2.19) is also invariant under the (dynamical) supersymmetry transforma¬ 
tions 

dx 1 = 2i(6 1 j I e 1 + 6 » 2 7 7 e 2 ); (4.13) 

p + 56 1 = \{^ +I d-x 1 e l + mli^ +1 x 1 e 2 )\ 

p + 56 2 = 7}('y +I d + x I e 2 — mH^ 1 x 1 e 1 ), 

which were also given in [10]. Just as in the flat space transformations (m = 0), these trans¬ 
formations involve spinors e which do not satisfy the fermionic lightcone gauge condition 
7 + e = 0. The e transformations effectively have to be combined with a kappa symmetry 
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transformation in order to preserve 7 + 0 = 0 ; this is the origin of the 7 + factors in the 
transformations and of the simultaneous x 1 transformations. The corresponding currents 
are given by 


1 — 1 T 

= 2(d-x I i I 6 1 -mxVlW 2 ); 


— la 

= 2{d-x I ^ I 0 1 + mx I ^f I U0 2 )- 

(4.14) 

1—2 r 

= 2{d + x I ^) I 0 2 + mx I ^ I m 1 )- 


—2a 

= 2(-d + x I j I 0 2 + mx 1 ^ 1 II0 1 ). 



These expressions agree with the ones given in [1], 

The closed string (super)charges generate the superalgebra of the plane wave back¬ 
ground, which is given in appendix B. The realization of this algebra in terms of closed 
string modes was worked out in [ 2 ], As we have seen the kinematical charges, P 1 , J +I and 
Q +1 ,Q +2 , are members of an infinite family of symmetries and thus one may extend the 
superalgebra to include these charges as well. The charges P^ 1 ,Q^ J ,1 = 1,2, when eval¬ 
uated on-shell using the closed string mode expansions reviewed in appendix C are given 
by 

P 11 = 2 a 11 P 21 = 9 a 21 

Qn = 2 P + 7~#n, Qn = 2 P + 7~#n- (4-15) 


Using these one can compute the extension of the supcralgebra. This result will be given 
in [ 6 ]. 

We should comment that although we have identified all conserved charges realised lin¬ 
early in the oscillators there are also additional conserved charges realised non-linearly in 
the oscillators. As can be seen from formulas in appendix C, some of the target space sym¬ 
metry generators are realized in terms of oscillator bilinears. There are, however, additional 
symmetries whose on-shell charge is bilinear in the oscillators. An example is the symmetry 

60 1 = e IJKL y jKL d a 0 1 ; (4.16) 

SO* = V e IJK W JKL dJ 2 , 

where e IJKL is the parameter of the transformation antisymmetric in all indices (note that 

there is no summation over I, J,K,L in (4.16)). ?? is equal to plus one for = 0 

and minus one for {U., r y~ IJKL } = 0. The associated tensorial charge is 

J IJKL ~ J da{d a 0 1 ^~ IJKL 0 1 + r 1 d a 0 2 -f- IJKL 0 2 ), (4.17) 


24 



and on-shell is equal to 

j ijkl „ n{e l _ nl - IJKL e\ - r 1 e 2 _ nl - IJKL e 2 n ). (4.is) 

n 

There are also other closely related tensorial charges. We will discuss all of them as well 
as the corresponding extension of the closed string superalgebra together with the related 
open string charges in [6]. 

4.2 Open strings 

Now we consider symmetries of the open string action, with given boundary conditions on 
the worldsheet fields. Only those symmetries of the closed string action which are compatible 
with these boundary conditions will leave the open string action invariant. Suppose we 
consider an infinitesimal global symmetry transformation of the form 

5z m = H m (z n )e. (4.19) 

Only when this preserves the boundary conditions on all the fields z m does this leave the 
action (including boundary terms) invariant. To take a specific example, suppose x r ' satisfies 
a Dirichlet boundary condition, d T x r | = 0. Then a global P r transformation manifestly 
does not preserve this condition. In fact, if we evaluate the variation of the action under 
such a global transformation (using (2.6) and so on), we find that there is a non-vanishing 
boundary term 

5S =- J dTd a x r cos(/j,x + )e r , (4.20) 

explicitly demonstrating that the action is not preserved. 

Symmetries of the open string action will thus only be those which preserve the bound¬ 
ary conditions and for which, by construction, the variation of the action under a local 
transformation is 

5S = i J d 2 aQ a d a e, (4.21) 

where the Q a corresponding to each preserved symmetry of the action is of the same form 
as for the closed string. Partially integrating this expression, we get 

5S = -^J d 2 ad a G a e + ^ J dr [G'e]^ . (4.22) 

On shell the bulk term vanishes by virtue of the equations of motion. If this is to be a 
good symmetry given the boundary conditions the boundary term must also vanish for all 
e. This requires that 

[G a ] a=n = lG °} a= o = 0, (4.23) 
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which will hold by construction if the variational problem has been set up correctly (so 
all boundary terms vanish) and if the conserved symmetries have been correctly identified. 
Thus it is a consistency check once we have identified the preserved symmetries for specific 
boundary conditions that this term does indeed vanish. The conserved charges are then 
given by 

G = i J daG T . (4.24) 

These are conserved since 

7 :d T G = J dad r G T = - J dad a G a = -[G a ]"=% = 0, (4.25) 

where the last equality holds by construction. Let us now discuss in detail which are the 
preserved charges for each of the boundary conditions given in the previous section. 

4.2.1 D-branes 

In order to respect the boundary conditions chosen for the D-brane the symmetry trans¬ 
formations should be such that Sx r '\ = 0 and = Q56 2 | at the boundary; the other 
variations <5x + |, 5x~\ and 5x r | are arbitrary. Looking at the symmetry transformations of 
the closed string action in (2.28), (2.30), (4.11) and (4.13), it is already apparent that some 
of these variations are not compatible with these conditions. As we have discussed, under a 
global transformation corresponding to P r ' , the transformation does not preserve 5x r ' | = 0 
on the boundary, and hence does not preserve the action (including boundary terms). Thus 
P r> cannot be a conserved charge of the D-brane. This is of course apparent since the 
D-brane explicitly breaks the translational symmetry. 

The other translational charges P + , P~ and P r are compatible with the boundary 
conditions and are conserved charges of the D-brane. As mentioned above it is a nice 
consistency check to explicitly verify that (4.23) holds for these charges. Take for example 
P r : then using the explicit forms for the currents given in the appendix 

V ra = —(cos (fix + )d a x r + / usin(/ix + )x r <9 (J x + ). (4.26) 

This vanishes on the boundary by virtue of the Neumann conditions on both x + and x r . 
In what follows we have explicitly checked that each charge which we identify as being 
conserved satisfies G CT (0) = G a (ir) = 0. 

Similarly to P 1 , some of the rotational J +I symmetries are preserved by the boundary 
conditions, i.e. the J +r ones, and some are broken, i.e. the J +r ' ones. In the closed 
string case we showed that P 1 and J +I were the n = 0 members of an infinite number of 
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symmetries. The same holds for open strings as well. The argument for the symmetries 
is the same as that given in the closed string case, i.e. a shift in the coordinates x 1 by a 
parameter e 1 that satisfies the x 1 field equations is a symmetry of the worldsheet action 
provided the boundary terms vanish. Consider first the case of transformations that involve 
a shift of the Neumann coordinates, 

6x r = e r f n , p + 6x~ = —x r e r d T f n (4.27) 

where \J\u n \ f n = e~ lUnT cos na (the prefactors are introduced for later convenience). This 
transformation leaves the action invariant including boundary terms. The corresponding 
conserved charge is given by (4.6) but with <p_ n replaced by f n . 

Consider now the similar transformation involving the Dirichlet direction, i.e. (4.27) but 
with x r replaced by x r ' and f n replaced by y/\u n \f n = —ie~ luJnT sinner. This transformation, 
however, leads to a non-zero boundary term if Xq'( a, r) is non-zero at the string endpoints, 
where Xq (a, r) is defined in (3.7). So unless the brane is located at the origin of transverse 
space, these transformations do not lead to a conserved charge. However, one can modify 
the transformation rules such that there is conserved charge even when the brane is located 
at arbitrary constant position. Indeed, consider the transformations 

Sx r ' = e r '/n, P + 5x~ = -e r \x r 'd T f n + P^ f -J (4.28) 

where Pj'p is given by (4.5) but with x r ‘ replaced by x r 0 '(a, r). One may verify that these 
transformations leave the action invariant, including boundary terms, even when the brane 
is located at a non-zero transverse position. The corresponding conserved charge is then 
given by (4.6) but with x r ' replaced by ( x r ' — Xq) and 0_ n by f n . It follows that when the 
charge is evaluated in terms of modes it takes the same form as for the conserved charge 
associated with the brane located at the origin of transverse space. 

This is a phenomenon that we will see repeatedly in what follows: certain symmetries 
appear to be broken when the brane is located away from the origin of transverse space, and 
the breaking terms solely depend on quantities fully determined by the boundary conditions 
(in the case above the breaking terms depend only on the boundary value of the Dirichlet 
coordinates). In these cases, however, one can find modified transformation rules (involving 
worldsheet symmetries) that lead to a conserved charge. The latter when evaluated in terms 
of modes is exactly equal to the conserved charge of the brane located at the origin. 

The n = 0 case is special, as for the closed string case. In this case the real and imaginary 
part of the transformations in the Neumann direction give the P r and J +r transformations. 
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In addition, the Dirichlet directions do not yield any conserved charge when n = 0, in 
agreement with the fact that the D-branes break the P r and J +r symmetries. 


We now move to the rotational symmetries J IJ . Consider first the J rs case. The 
fermionic variations are compatible with the boundary conditions since 

59'\ = —£e r VV| = -\e rs Y s W 2 \ = n66 2 1, (4.29) 


where in the second equality we use the relation between fermions on the boundary and in 
the final equality we use [f2, 7 rs ] = 0. This follows from the explicit form of fl given in (3.10). 
Since 5x r is arbitrary on the boundary the bosonic variations are also compatible with the 
boundary conditions and J rs is a conserved charge. However, the J rr ' symmetry is broken 
since the bosonic variations mix Dirichlet and Neumann coordinates (and furthermore the 
fermionic variations do not preserve the fermion boundary conditions for reasons akin to 
above). 

The J r s ' symmetry is another instance where we will use the worldsheet symmetries we 
just discussed in order to restore a seemingly broken symmetry. The fermionic variations 
do preserve the fermion boundary conditions (as in (4.29), H commutes with r ) r ' s ') and 
there is actually a conserved current associated with these transformations. The bosonic 
variations, however, will only preserve the boundary condition if the brane is located at 
the origin. That is, 5x r | = 0 = e r s x s | can be satisfied on the boundary only if Xq = 0. 
So even though there is a conserved current for any value of transverse position, Xq , the 
transformation rules change that value. Thus, the J r s symmetry is broken by the position 
of the brane unless the brane is located at the origin of transverse space. 

We will now see that even at arbitrary transverse position one can obtain a good sym¬ 
metry by combining the J r ' s ' symmetry with a certain worldsheet symmetry. Consider the 
worldsheet symmetry given by 5x r ' = e r ' s 'X q where Xq^ct, r) is defined in (3.7). By 

construction, Xq (<t, r) satisfies (3.1), so this transformation leaves the action invariant 7 . 
We now combine the J r ' s ' symmetry with this worldsheet symmetry by considering the 
transformations, 


/ J „/_/ 


5x r = e r s {x s - x* Q (a, r)); 59 = -je r s j r s 9. (4.30) 

These transformations leave invariant the action, including boundary terms, and respect 
both fermionic and bosonic boundary conditions. It follows that this is a good symmetry. 

' In general, the fact that the parameter satisfies the free field equation only implies that the Lagrangian 
is invariant up to total derivatives. The cancellation of the total derivative terms depends on the boundary 
conditions imposed on the fields. The worldsheet symmetry 5x r in actually a symmetry including boundary 
terms. Notice that the J r s transformations also leave the action invariant including boundary terms. 
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The associated conserved current is just J r s , with x r replaced by ( x r — Xq (a, r)) and 
similarly for x s . We shall show in [6] that the conserved charge when realised in terms of 
the oscillators is precisely that for the branes at the origin. 

In the above we have used worldsheet symmetries to subtract from symmetry currents 
terms which do not preserve the boundary conditions. However this trick can be applied 
much more generally: we may also combine good worldsheet symmetries with good target 
space symmetries (i.e. target space symmetries that are compatible with the boundary 
conditions). In this way one can obtain Noether charges that are equal to the original 
charge associated with a superisometry but with certain terms subtracted. 

A specific example that will arise in the open string algebras in [6] is the following. 
Suppose we first isolate the part of the (conserved) Hamiltonian symmetry current which 
involves only the Dirichlet zero modes and which is conserved by itself; call this A H a . Then 
under a symmetry transformation 

5x + = —e + ; p + 5x~ = —A H T e + , (4-31) 

the action is preserved and the corresponding Noether charge is 

H = H — — [ daAH T = H- AH, (4.32) 

k Jo 

which when evaluated in terms of modes is precisely the original Hamiltonian with the 
Dirichlet zero mode (c-number) contribution subtracted. 

We next consider the transformations associated with the supercharges. As in previous 
sections, it will be convenient to discuss separately the Z)_ and D + branes. 

4.2.2 branes 

First consider the kinematical supercharges Q + . The corresponding transformation rules are 
given in (4.11). Under global transformations corresponding to Q + the action is invariant 
up to the total derivative term 

AS = i J drip + (l59^-^ ~ S0 2 TO 2 )- (4.33) 

Thus provided that the variations are compatible with the fermion boundary conditions, 
that is, 66 1 = f 166 2 on the boundary, the action remains invariant. We find that the fermion 
boundary conditions are compatible with (4.11) only when 

e 2 = -fie 1 , niHID = -1. (4.34) 
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Note that the second condition would not have to be imposed in flat space (/j = 0) but is 
necessary here to enforce d# 1 ) = Q58 2 | at all x + . Thus the boundary conditions can preserve 
at most one half of the Q + supercharges, the combinations 

q + = \{-Q +2 + DQ +1 ). (4.35) 

(The normalization of q + is for later convenience). We conclude that the D- branes preserve 
one half of the kinematical supersymmetries of the closed string. Let us note at the this 
stage that these symmetries are preserved regardless of the Dirichlet boundary conditions: 
even D_ branes with general time dependent boundary conditions x r '(x + ) preserve these 
same charges. 

The Q + symmetry preserved by the branes is just the n = 0 member of a family 
of infinite number of symmetries. The additional symmetry transformations are given by 
(4.8) but with parameters satisfying 

= Qel (4.36) 

The corresponding Noether charges can be obtained from (4.9) and (4.10) by taking com¬ 
binations Q n = l{Ql + &Ql)- 

Let us now consider the dynamical supercharge ( Q ~) transformations. Once again the 
action is only invariant up to a total derivative term and the boundary conditions are not in 
general consistent with (4.13). Let us consider first the dx 1 transformations: if these are to 
preserve the Dirichlet boundary conditions then we must consider only such transformations 
satisfying 

fa r '| = O = 0 2 |(nY'e 1 +7 r 'e 2 ) -> e 1 = fie 2 , (4.37) 

where we have used {Q, r y r '} = 0 (which follows from (3.10)). Thus the D-brane can preserve 
at most one half of the Q~ supersymmetries. Now under transformations (4.13) the action 
is invariant up to the boundary term 

- J dr (d+x^Ve 1 - d_x r 0 2 j r e 2 + mx^ 1 fi^e 2 + 0 2 Tl^e x )) . (4.38) 

This term does not in general vanish even given the relation (4.37), along with the conditions 
e l = ne 2 , [ 7 r ,D] = 0 , d a x r = 0 , and { 7 r ',D} = 0. 

This boundary term vanishes only when the fermionic variations in (4.13) are consistent 
with the fermion boundary conditions. So one should substitute e 1 = Qe 2 into the fermionic 
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variations and demand that they preserve 9 1 = Q9 2 on the boundary. Now 


p -1 


p + {59 1 - Q50 2 ) | = - [ Q $r® r 7 +r + n d rx r 'l +r ' ] 

r =1 
/ P-1 


(4.39) 


+ 


\m 5Z(n + nim)'y +r x r + (n - nim)^ 

\r=l r'=p 


+r 'x r ’ I e 2 


This must vanish for any of the Q~ supersymmetry to be preserved. To evaluate this 
expression we have used only [f 2 , 7 r ] = {hl,7 r } = 0; the first two terms manifestly drop 
out when x r is pure Neumann and x r is pure Dirichlet, but we will use the more general 
expression later for mixed boundary conditions. 

For our case (i.e. = —1), (4.39) reduces to 


8 

8 t Xq (a, t)Q + mxQ (a, r)nj j +r e 2 |. (4.40) 

r'=p 

Note that the Neumann directions drop out of the condition. (4.40) can only be satisfied if 
the transverse positions are all zero. Thus we see that when the brane is located at the 
origin, (4.40) vanishes and half of the dynamical supersymmetries are preserved, namely 
the combinations 

q~ = \{Q~ l +£IQ~ 2 ), (4.41) 

but when the brane is located at some other position all Q~ supersymmetries are broken. 
This is exactly what we found in the probe analysis [11]. We shall now show, however, 
that there are eight fermionic symmetries, which are combinations of worldsheet and Q~ 
supersymmetries, that are preserved by the brane even when it is located away from the 
origin. So in effect the brane away from the origin is as supersymmetric as the brane at the 
origin. 

Recall that under the fermionic transformation, 


p+Sd 1 = id k He 2 k (j) k + el4> k ; (4.42) 

p+59 2 = -iUd k el4> k +e 2 k (j) k , 

Sx~ = {(O^se 1 + 0 2 TM 2 ), 


where A: is a complex parameter, the worldsheet Lagrangian transforms as a total a- 
derivative (since fermionic variations satisfy the fermionic field equations). When k is an 
integer, these are just the closed string worldsheet symmetries discussed in (4.8) and when 
the relation (4.36) is imposed these become the stringy extensions of Q + transformations 
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discussed above. For general k, however, the boundary terms are non-vanishing, and (4.42) 
does not lead to a conserved charge. 

Now, since x$ (<t, t) satisfies the bosonic field equation, it can always be expanded as 


r ) = ^{ c k4>k + K<t>k), 


(4.43) 


where the coefficients c k and c k are constants. For example, for a brane located at arbitrary 
transverse position, Xq , Xq (a, r) is given in (3.8) and can be rewritten as 


ZoV> T ) = 


+ 1 


+ e 7i 


(4.44) 


Let us now try to find a (4.42) transformation such that combined with the Q~ transforma¬ 
tion it yields a transformation which leaves the action invariant, including boundary terms, 
and so leads to a conserved charge. In other words, we want to choose and e 2 such that 


0 =p + (56 1 -IM 0 2 )| = J2 (^fc (c r ,!{iu k n + mU)^ +r 'e 2 + {id k U-n)e 2 k 


+4> k (fcufcfl + mn) 7 +r, e 2 + (1 - iVt!id k )e\ 
This equation has a solution provided that d\ / 1 which implies k ^ 0: 


(4.45) 


4 = 
2 


1 


4-i 


c r k (i(2u k - k)Q, + (m + d k u; k )U) 7 


+ r ' e 2 


1 


„+r' e 2 


(4.46) 


4 = d 2 - 1 + ~ 4 

It follows that in all cases in which Xq (a, r) has an expansion that does not involve the 
k = 0 modes, the D-brane preserves eight fermionic symmetries, namely the combination of 
Q~ and the special worldsheet transformations (4.42) with the parameter given by (4.46). 
k = 0 is a special case in that the worldsheet symmetry Q 0 is precisely the spacetime 
kinematical supersymmetry and the terms in Xq involve sin (tot) and cos(rnr). This case is 
thus relevant for D-branes translated away from the origin using the broken translational 
or rotational symmetries. It is convenient to discuss these in detail separately in the next 
section. 

In the specific case of an D- brane located at constant position Xq , Xq (a) is given in 
(4.44) and (4.46) becomes, 


2 1 m 

im 2 gm7r+l 


(1+ 1112)7 


+r' e 2 


e 2 = 1 


me 


-im 2 p m7T+l 


(1 - nn)7+ r 'e 2 , 


The Noether charge associated with this symmetry is 


Q~ = 


1 


7 r 


/p—i 


da I '^2(d T x r Y^N ~ d a x r Y@D + mx r 7 r f2II0jv) 


(4.47) 


(4.48) 


^r=l 
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x> 


(x T - 4 )f e D - a„(x r - *0 W «« - mix’- - xj )v ra» D ) 


where 0 at and do are defined in appendix D. This charge when realised in terms of modes 
reproduces precisely q~. 

The result however holds much more generally: branes with arbitrary boundary condi¬ 
tions x r \x + ) preserve one half of the closed string kinematical supersymmetries as well as 
eight additional dynamical supersymmetries which descend from a combination of closed 
string and worldsheet symmetries. 


4.2.3 D + branes 

We have seen in the previous section that the conditions for having unbroken kinematical 
supersymmetry Q + are (4.34). For the D + branes the second condition is not satisfied and 
all of the Q + supersymmetries are necessarily broken. However, this symmetry is replaced 
by another fermionic symmetry. As we have discussed, the Q + symmetry is a particular 
case of a worldsheet symmetry and the latter originate from the fact that the worldsheet 
action is quadratic in the fields. This is true for the D + branes as well and it turns out that 
these branes possess kinematical supersymmetries too. 

The new kinematical supersymmetry rules for n / 0 are still given by (4.8) but the 
parameters now satisfy 

e n = c 2 n m - d 2 n ) - 2id n U)el (4.49) 

where md n = (w n — n), c n = (1 + d^) _1//2 , io n = sgn (n)\Jn 2 + m 2 and n is an integer. 

The corresponding Noether charges can be obtained from (4.9) and (4.10) by combining 

(Qh + c nW - d 2 n ) - 2id n tL)Ql). 

There are some special cases as usual. Firstly, we cannot find a solution for n = 0, which 
reflects the total breaking of the closed string symmetry Q + . However, there is a solution 
for k = ±im: 

56 1 = V+e + e ma + V-e~e- ma - (4.50) 

56 2 = HV+€ + e m<T — HV-e~ e~ mcT -, 

p+Sx~ = i (0 1 7“h0 1 + ~59 2 ) , 

where 

V ± = l(l±nu). (4.51) 

It is these transformations that effectively replace the closed string kinematical supersym¬ 
metries Q + . Notice that the transformations are similar to (4.11) in that they only depend 
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on one worldsheet coordinate but in this case it is the a coordinate rather the r coordinate 
that features in the formulas. Thus, unlike (4.11), the transformation rules (4.50) cannot be 
expressed entirely in terms of target space coordinates. The corresponding Noether current 
is 

Q +T = — 7 " (e^iV+O 1 + V+Ud 2 ) + e~ ma {V~d l - V^Ud 2 )) ; (4.52) 

7r 

Q +a = ^ 7 - (e^iV+O 1 - V+Ud 2 ) + e~ ma {V^d l + V^Ud 2 )) . 

7T 

As we shall show in [ 6 ], the supercharge Q + is proportional to the D+ brane fermionic zero 
modes exactly as the supercharge Q + is for the branes. 

We should comment here that although Q + is just one of the infinite set of symmetries 
Q n it does play a distinguished role. This will become apparent when we discuss the 
superalgebra and spectrum [ 6 ]. The superalgebra of the preserved closed string supercharges 
plus Q + closes (the introduction of Q n leads to an infinite extension). Q + commutes with 
the Hamiltonian so physical states form corresponding supermultiplets. In the n —► 0 limit, 
it becomes precisely a target space supercharge. Although both Q + and Q n act on the 
spectrum, the former being realised in terms of zero modes is exceptional. 

Let us now consider the dynamical supersymmetries. For D+ branes (4.39) reduces to 

p— 1 p— 1 

i^(n + finfl) 7 +r x r e 2 | = U'y +r x r e 2 \. (4.53) 

r =1 r =1 

where we consider standard Dirichlet boundary conditions, i.e. 3 t Xq (er, r) = 0. If there are 
no Neumann directions amongst the x 1 , i.e. for a Dl-brane, (4.53) vanishes and half of the 
Q~ are preserved, the combinations ( Q + ClQ~ 2 ), regardless of transverse location. For 
all other possibilities the Q~ supersymmetry is broken and the boundary term in (4.38) 
does not vanish. 

One may hope that similar considerations as in the previous cases would allow us to find 
eight additional fermionic symmetries. In this case, however, the violation of the symmetry 
in (4.53) involves the restriction of the Neumann coordinates to the boundary which is 
unknown. In contrast, in all previous cases the violating terms were involving terms fully 
determined by the boundary conditions. We conclude that all D+ branes but the D 1 brane 
do not preserve any dynamical supersymmetry. 

4.2.4 Symmetry-related D-branes 

As discussed in section 2 . 2 , one can act by broken spacetime generators on a static brane 
to obtain a new brane. For every symmetry of the static brane there is necessarily a cor- 
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responding symmetry of the translated brane and the algebra of the corresponding charges 
is the same in both cases. 

Recall that for a D-brane translated using the background Killing symmetries P r and 
J +r the corresponding Dirichlet boundary condition is (2.35), which couples the x + and 
x r ' variations on the boundary as 


5x r | = (— a r fism(/j,x + ) + b r /xcos(nx + ))5x^ 


(4.54) 


In this section we will use t' to denote an ordinary Dirichlet direction and reserve r' and 
s' to denote directions in which there are modified Dirichlet boundary conditions (2.35). 
Throughout the section when discussing conserved charges we assume that all constant 
Dirichlet positions are zero; if any are constant but non-zero we simply replace the conserved 
symmetry we identify by the same symmetry combined with the appropriate worldsheet 
symmetries as discussed in the previous section. 

Given such boundary conditions, the conserved bosonic charges of the D-brane certainly 
include (P + , P r , J +r , J rs , J t u ), following the same analysis as before. The other bosonic 
charges are more subtle, however. The Hamiltonian is not conserved; to preserve the bound¬ 
ary condition, we must consider a combination of P~, J +r ' and P r ' transformations. That 
the Hamiltonian by itself is not a good conserved charge follows from the time dependence 
of the boundary conditions. The action of the combined transformation 


P- = P~ + ^{^b r 'P r ' - fi 2 a r ' J +r '), 

r' 

is 

5x + = e + ; 5x r = — a r nsm(/j,x + )e + + nb r cos(/j,x + )e + - 

5x~ = fi 2 ^^(a r ' cos(fix + )x r ' + b r ' sm(/j,x + )x r ')e + , 

r' 

which manifestly preserves (4.54). The other modified charges are 


JrV = jrV _ a r'ps' _ j+s’ + ^ pr' + ^s' j+r'. 

jr't' = jr't' _ 0 r' pt' _ j+t '. 


(4.55) 


(4.56) 


(4.57) 


Now let us consider the supercharges. Consider first the branes. The kinematical 
supercharges q + are unaffected by the time dependent boundary conditions; the same is 
true for the fermionic charges Q n . The combination of dynamical supersymmetry transfor¬ 
mations with e 1 = He 2 preserves the time dependent x r ' boundary condition but following 
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(4.39) 

p + (59 1 — fl<5# 2 )] = m7 + ^(sin(mr)(6 r fy — a r 7 r fl)e 2 + cos(mr)(& r 7 r fl + a r ny 7 " ))e 2 . 

r' 

(4.58) 

On its own this does not preserve the fermion boundary condition but it is a good symmetry 
when combined with Q + transformations with parameters e 1 and e 2 such that 

(■ 56 1 — fW0 2 )| = (cos {mr) + sin (mr) fill) (e 2 + fie 1 ) (4.59) 

provided that 

(e 2 + fie 1 ) = ^7+ - a r 'nf')e 2 . ( 4 . 60 ) 

r' 

The corresponding Noether charge is then 

Q- 1 + ClQ~ 2 + ±^(b r 'Y l+ - a r 'f'nn 1 + ){Q +2 + ClQ +1 ) J . (4.61) 

r' ) 

That the symmetry involves only this specific combination of Q + transformations follows 
from the fact that kinenratical transformations with (e 2 + fie 1 ) = 0 automatically preserve 
the fermion boundary conditions by themselves. The charge (4.61) has eight independent 
components in total. It is interesting to prove this same result from a rather different 
perspective using the kappa symmetry projections; we include this in appendix E. 

Thus the brane preserves in total one half of the closed string supersymmetries, as indeed 
it must, being related by symmetry to the half supersymmetric branes in the previous 
subsection. Under the symmetry transformation, the preserved dynamical charge is shifted 
by a term proportional to the kinenratical charge. This is to be expected since from the 
spacetime superalgebra the commutator of the translation and Q~ is proportional to Q + . 
We will make this statement more precise in [6] when we discuss the embedding of the 
symmetry-related brane algebra into the closed string algebra. 

There is one special case where these preserved dynamical charges are actually the same 
ones as for the static brane: this requires 

^(6 r V' - a r V'fffl) = 0. (4.62) 

r' 

If one considers a (+,—,2,0) D3-brane, and takes a 3 = r, 6 4 = r, so the brane traces out 
a circle in the (34) plane, this condition is satisfied. Such a brane arises from taking a 
specific Penrose limit of a giant graviton in AdS 5 x S 5 [21] which are indeed known to be 
half supersymmetric rotating branes [22, 23]. Penrose limits of giant gravitons were also 
discussed in [11, 15, 16]. 
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What is particularly interesting, however, is that we now see that all branes still 
preserve one half of the closed string supersymmetries when they rotate in any transverse 
plane. This suggests that there are many more half supersymmetric rotating branes in 
AdS than were previously known. Furthermore, translated or boosted branes (by which 
we mean those with b r ' = 0 and a r ' = 0, respectively) may also originate from as yet 
unknown time dependent embeddings in AdS which are half supersymmetric. Following 
the same approach as here, such branes could be obtained from the half supersymmetric 
static embeddings given in [11] by the action of the symmetries of the AdS background 
which are broken by the static brane. 


Now consider the D + branes. As for the static branes closed string kinematical su¬ 
persymmetries are completely broken by the fermion boundary conditions, but the branes 
possess different kinematical supersymmetries instead. The preserved worldsheet fermionic 
symmetries Q n are also the same as for the static branes. Moving now to the dynamical 
supersymmetry, we observe that for the symmetry-related Dl-branes the preserved Noether 
charges are the combinations 


= UQ 


-1 


+ QQ 


-2\ 


+ zM 


E 


it r 

b 7 


- a r 'f'mi 1 + )Q +2 + (b 


r ry T 


n + a r 7 r • 


n )Q 


+i 


(4.63) 

Thus a Dl-brane carrying angular momentum in a transverse plane still preserves one half 
of the dynamical supersymmetry. 

This result fits in neatly with [11], where it was noted that (+, 1, 0) Dl-branes preserve 
one quarter of the closed string supersymmetries. It was then argued that these should 
arise from the Penrose limits of rotating D-strings in AdS 5 x S' 5 . A distinct Penrose limit of 
these same rotating D-strings gives the (+,—,0,0) branes carrying angular momentum in 
a single transverse plane, which we have just shown also preserve one quarter of the closed 
string supersymmetries (though let us emphasise that like the static branes they do possess 
eight additional kinematical supersymmetries as well). 


5 Conclusions 

We studied in this paper D-branes in the maximally supersymmetric plane wave background 
of IIB supergravity. We found both time-dependent and static branes. The branes fall into 
equivalence classes depending on whether they are related by the action of target space 
isometries. In particular, static branes localized at the origin are in the same equivalence 
class as certain time-dependent branes. The symmetries of all branes in the same equivalence 
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class are the same, but the relation of the conserved charges with the conserved charges of 
the closed string is different for different members of the equivalence class. 

Let us summarize the results for the supersymmetric static Dp-branes. The D-branes 
fall into two categories: the branes satisfying riff 1117 = —1, where 0 is related to 
the fermion boundary conditions (see (2.15)), and D + branes satisfying nfUIfl = 1. The 
D_ branes have worldvolume coordinates (+, — , m, m ± 2) and the D+ are the remaining 
(+,—,m,n) branes. 

D_ branes always preserve eight kinematical Q + supersymmetries irrespective of loca¬ 
tion. They preserve eight dynamical supersymmetries Q~ only if the brane is located at 
the origin, and away from the origin Q~ is broken but we find instead eight new dynami¬ 
cal supercharges, Q~. The latter are a linear combination of Q~ with a certain fermionic 
worldsheet symmetry. Q~ anticommute to the Hamiltonian much the same way as Q~ do 
for the branes at the origin. Actually, as we will show in [6], Q~ evaluated on-shell is equal 
to Q~ on-shell (but the latter is relevant for branes at the origin and the former for branes 
away from the origin). Furthermore, we have seen that a far stronger result also holds: 
branes with arbitrary time dependent Dirichlet boundary conditions of the form x r (x + ) 
will also preserve not just half of the closed string kinematical supersymmetries but in ad¬ 
dition eight dynamical supersymmetries, the combination of closed string with worldsheet 
symmetries. 

In D+ branes all of the Q + supersymmetries are broken, but a different set of 8 kine¬ 
matical supersymmetries Q + is present and one half of the Q~ are preserved if and only if 
there are no Neumann directions transverse to the lightcone, i.e. it is a Dl-brane 8 . Thus, 
all D + branes but the Dl-brane preserve 8 supercharges, and the latter preserves 16 su¬ 
percharges. The number of supersymmetries that directly originate from the closed string 
supersymmetries agrees with the probe analysis [11] in all cases. 

We have seen that the light-cone action admits an infinite number of worldsheet sym¬ 
metries. These symmetries should also be present before gauge fixing the ^-symmetry. It 
would be interesting to understand this in detail, since this issue is closely related to the 
question of under what conditions a given sigma model is related to an integrable theory. 
For a related discussion we refer to [24]. 

A motivation for this work was to gain intuition about string theory on curved back¬ 
grounds with RR fluxes. One of the main messages of this paper is that even the question 
of which are the possible supersymmetric states of string theory on such backgrounds (su- 
8 We do not consider branes with worldvolume flux in this paper. We note that the probe analysis in [11] 
yielded D + (+,—,0,4) and (+,—,4,0) branes that preserve 1/2 of dynamical supersymmetry. 
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persymmetric branes in our case) is subtle. We have seen that tree-level open string theory 
yields more supersymmetric branes than the probe analysis. The additional supersymme¬ 
tries were based on specific properties of the plane wave background. An important issue 
is whether the extra symmetries are respected by interactions. Provided that the answer 
is affirmative, consistency requires that the worldvolume theory of D-branes in the plane 
wave background exhibits more supersymmetries than the generic kappa-symmetry analysis 
yields (but if string interactions invalidate the extra symmmetries only the quadratic part of 
the worldvolume theory that captures the spectrum of low energy excitations should exhibit 
more supersymmetries). In other words, our results indicate that the generic analysis of the 
supersymmetry of embeddings only yields a lower bound on the number of supersymmetries 
rather than the exact number. 

Given that the worldsheet theory is solvable only for very specific backgrounds but 
the probe analysis is possible more generally, it is important to understand under which 
conditions one needs to amend the standard kappa-symmetry analysis. More generally it 
would be interesting to understand which backgrounds exhibit similar symmetry restoration 
mechanisms. 

In this paper we have studied open strings in the light-cone gauge. It would be inter¬ 
esting to extend the analysis to more covariant gauges which would allow, amongst other 
things, the study of branes not accessible in light-cone gauge, such as the supersymmetric 
branes found in [11] where only one of the lightcone directions is a worldvolume coordinate. 
A description of the closed string in the plane wave background where all target space 
symmetries are manifest was given in [25] using the pure spinor formalism. Worldsheet 
super conformal field theories associated with the plane wave (and other RR backgrounds) 
were presented in [26, 27] using the 17(4) hybrid formalism. It would be interesting to ana¬ 
lyze D-branes using these formalisms, particularly to understand the relation between the 
worldsheet symmetries we find here and worldsheet superconformal symmetries. Further¬ 
more, quantum properties of the D-branes may be more transparent in the U (4) formalism. 

In [6] we continue the analysis started here by computing the corresponding superal¬ 
gebras and the spectra of branes in all cases and comparing with the spectrum of small 
fluctuations around the corresponding D-brane emdedding in the DBI. Finally let us com¬ 
ment that finding the corresponding boundary states and checking open/closed duality for 
the branes found here which are not included in the analysis of [8] is an important issue 
which we will also address elsewhere. 
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A Conventions 


We follow closely the conventions of [1], The Dirac matrices in ten dimensions are 
decomposed in terms of 16-dimensional gamma matrices y^ such that 


F^ = 


7 


(A.l) 


where 


+7 u r = 2 rr, r = m 0 *, r = ^ 

7 m = (k7 7 ,7 9 ), T = (-1,7 7 ,7 9 )- 


(A-2) 
(A-3) 


Here (a, / 3 ) are SO(9, 1) spinor indices in chiral representation; we use the Majorana rep¬ 
resentation for r such that C = r°, and so all 7 ^ are real and symmetric. We use the 
convention that y^ 1 "^ are the antisymmetrised product of k gamma matrices with unit 
weight. 

We assume the normalisation y^C.y 8 ^ 9 = 1, so that 

r n = r°...r 9 = ( 1 ). (A. 4 ) 

VO -1/ 

We define 

n% = (tVtVJV (n')7 3 ( 7 W 7 s )y, 7°7 9 3 7 + . (A. 5 ) 

Other useful relations are 

y+^mT = i, (y +_ ) 2 = n 2 = (n 7 ) 2 = i, 

y+-y± = ±y ± , y ± y +_ = ^y ± , y + y + = y"y" = 0. 
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(A. 6 ) 

(A.7) 



Abbreviated notations are used, in which the spinor indices are indicated by the positioning 
of matrices; frequently used expressions in the text include 


QQ = njQfT, QH = Q a n a p, n*Q = Qrf = Q a {^) a ^ (A.8) 

(«*)% = (^r-irhp-, ( a . d ) 

nj = mcrr-W) 6 ^ mJ = mcrr-W 1 ) 6 *- (A.10) 

B Symmetry currents and closed string superalgebra 

Here we give the explicit forms of the bosonic symmetry currents in lightcone gauge; the 


fermion currents are given in the main text. The momenta are 

v +r = P +. p+a = 0; (B.l) 

V 1t = (cos(mr)9 r x 7 + m sin(mr)a/); (B.2) 

V Ia = — cos (mT)d a x I . (B.3) 

The rotation currents are 

J +Ir = sin(mr)9 r x 7 — p + x I cos(mr)); (B.4) 

J +Ia = —^t _1 sin (7iiT)d a x 1 -, (B.5) 

J^ T = {x l d T x^ — x^d T x l — \ip + ( 0 1 7 _ * J 9 l + 0 2 y _ * J 0 2 )) ; (B.6) 

J ija = -(Pd^-x j d a x i + ^ip + (9 1 1 ~ ij 9 1 -9 2 J~ ij 9 2 )), (B.7) 


with a corresponding expression for J l J . The remaining charge is the lightcone Hamilto¬ 
nian. 

V~ T = (d T x~ + i(9 lf y~d+9 1 + 6 2 j~d-9 2 ) — pm(x 1 ) 2 — 4^m0 1 7 _ ^6 ,2 ); (B.8) 

V~ a = ~(d a x- +i(9 1 7~d + 6 1 - e 2 7~d-9 2 )). (B.9) 

Using the Virasoro constraint, and the fermion field equations, we find that the onshell 
Hamiltonian density is 

n = -V~ T = UdrX 1 ) 2 + {d^x 1 ) 2 + m 2 (x 7 ) 2 ) + i(9 l Td T 9 1 + 9 2 ^~d T 9 2 ). (B.10) 

2 p+ v ’ 

Finally, let us remark that onshell V~ a = —d a x~. 

The symmetry superalgebra of the pp-wave background is as follows. The commutators 
of the bosonic generators are 9 

= ip 2 J +I , [P 1 ,J +J ] = i8 IJ P+, [P~, J +I ] = -iP 1 , (B.ll) 

9 Notice our rotational generators differ from the ones in [1] by a factor of i. 
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P\ P k 
J + \ J jk 
\j ij , J kl 


-i(5 ij P k - 8 ik P j ), [P l \ J j ' k '} = -i(5 i,j 'P k ' - 5 i,k 
-i(S ij J +k - 5 ik J +j ), [J +i ',J j ' k '] = -i(S ilj 'j +k ' - 
-i{5 jk J il + ...), [J i,j \ J k ' V ] = ~i(S j ' k ' f' 1 ' + ...), 


- <$*'*' J +j ') 


where the ellipses denote permutations, whilst the commutation relations between the even 
and odd generators are 

[J^] = [J i ' j ',Q ± ] = -\iQ ± {i i ' j '\ 

[J +I ,Q~] = -\iQ + { 7 +/ ), (B.12) 

[p^Q-] = \pQ + { n 7 +/ ), [p~,Q + ] = pQ + n, 

and the anticommutation relations are 
{Q + ,Q + } = 2P + T, 

{Q+,Q~} = U)J +I , (B.13) 

{Q~,0 + } = (7+ 7 -7 J )P 7 -^( 7 + 7 - 7 ^) J +/ , 

{Q-,Q~} = 27 +P- + in(-f +ij U)J ij + 


C Mode expansions for closed strings 

In our conventions the closed string mode expansions are given by 

x J (a,T) = cos(mr),To + m _1 sin(mr)pg + + a^ 7 0 n ); (C.l) 

0 1 (a, t) = 6>p cos(mr) + II flp sin(mr) + ^ c n (id n Il9^ n + ; (C.2) 

n^O 

0 2 ((j, r) = 6'1 cos(mr) - II^ sin(mr) + ^ c n (^-idnUO 1 ^ + Ofyn) • (C.3) 

n^O 

After canonical quantization we get the following (anti) commutators 

\Po,Xq] = -i5 IJ , [a 7f , a^ J ] = |w m 4„ +m>0 4' :r ' 7 (5 /J , (C.4) 

{Ol 0 $} = ^( 7 +)^, {C eI = ^ T (7 + )^' 7 Wn,o, (C.5) 

where X = 1, 2. It is convenient to introduce creation and annihilation operators 

cio = ~L={pi + imx 0 ), Qq = ~7k=(Po - w«*o)> [«o>«o] = ( c - 6 ) 

\/2m. \/2m 

Expressed in terms of these modes the spacetime charges are 

P + =P + , P^pl, J +1 = -xip + , (C.7) 

Q +1 = 2p + T0l Q +2 = —2p + 7”0Q. (C.8) 
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Note that the complex Q + appearing in the closed string algebra is 


1 


Q + = -/=( iQ +L - Q +z ) = 2p + TOo- 

The rotation charges are 

J IJ = -*(a£atf - ± Y d h~ IJ 8o) 


1 = 1,2 

-TE ( 2 uj n 1 (a I _ I n al J ~ a-ial 1 ) + P +0 -n 7 U ^l) • 


I=l,2n>0 


The Hamiltonian is 


H = 


2p+ 


(Pq + m Xq) + 2im(#o7 lid^ 


1 


+ Y ^Z^ aI -n aI n + UnQ-nl 6*). 


1=1,2 n^O 

Finally the dynamical supercharges take the form 


Q 1 = ( 2 pW e o ~ 2mxo7 / n6^) 

+ Y (^Cn^X^el + —— a-n7 7 H0^ + /l.C.^j 

n>0 V WnCn 2 

<3 ~ 2 = i 2 pW d l + 2 ?nxo 7 7 n^) 

+ H f 4c ^ a -n7 


n>0 


„/a2 2 ^^n0,l+/uc. 


'n '~ A -—n I 


The complex Q appearing in the algebra is (Q 1 + 2 Q 2 )/v / 2- 


D Poisson-Dirac brackets for oscillators 


(C.9) 


(C.10) 


(C.ll) 


(C.12) 


Each of the classical commutation relations is of the generic form 

[z m (a),z n (a)] = h mn 5(a,a'), (D.l) 

where z m denotes both scalars and fermions. To evaluate the Poisson-Dirac brackets for 
the oscillators, we should use the following procedure. 

Firstly recall that given an orthonormal complete set of functions, u n (a), over some 
domain, the delta function can be represented as, 

5{a, a 1 ) = Y u n {a)u n {a’) (D.2) 

In the domain [0,7r] there are several distinct sets of complete orthonormal functions: 

(D.3) 


1 2 

uo = —=, u n = \ — cos na, n= 1,2,... 

\/7T V vr 


v n = \ — sin na, n = 1,2,.. 

7r 


(D.4) 
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These give rise to the following representations of the delta function 


1 9 y 

5(a, a') = —b / — cos(ncr) cos(n<r / ) = ) — cos(?nr) cos(n<r / ), (D.5) 

7T z —' 7T z —' 7T 

n=l 


—oo<n<oo 


E- sin ( 


na sin ncr = 


n=l 


E lsi 
7r 


sm no- sin no - 


—oo<n<oo 


Now to evaluate commutation relations for fields which are already expanded in one of these 
bases is straightforward. For example, scalars satisfying Neumann or Dirichlet boundary 
conditions (3.6) and (3.7) are expanded in terms of cosines and sines respectively. Thus 
we can substitute the delta function Fourier expansions directly into their commutation 
relations (3.17) to determine the commutation relations for the modes. This gives the first 
terms in (3.18). 


D.l Z) branes 


The fermion mode expansions (3.12) and (3.21) do not however involve mutually orthogonal 
functions. This reflects the fact that 9 1 and 9 2 do not satisfy pure Neumann or pure Dirichlet 
boundary conditions at the string endpoints. However, certain combinations of 6 1 and 9 2 
will satisfy such conditions. 

Let us consider first the case finfin = — 1; then by construction ( 6 1 — Q9 2 ) satisfies a 
Dirichlet condition at the endpoints whilst ( 9 1 + Q.9 2 ) satisfies a Neumann condition at the 
endpoints. In fact using (3.12) we find that 


Od(<t, t) 
9n{cf , r) 


(9 1 — Q9 2 )(ij,t) = 2^2 c n e lUnT (d n Tl + iQ) sm(na)O n -, (D-6) 

n 

(O 1 + £16 2 )(ct, t ) (D.7) 

2(6*o cos (tot) — Dn<9 0 sin(mr)) + 2 c n e~ lulnT (id n Il + D) cos (na)9 n , 

n^O 


which are manifestly both expansions in the orthogonal functions. Using the commutation 
relations (3.17) we find that 

{0 D {a),9 D (a')} D .B. = -^Try+fHo-V); {9 N (a),9 N (a')} D . B . = ^TT-f + d{a,a'), (D.8) 

and substituting in appropriate mode expansions for the Dirac delta function we are able 
to fix all fermionic oscillator anticommutators. This gives 

{C €}d.b. = ^(7 + ) q/3 <W,o, (D.9) 

which is in fact the same expression as in flat space. 
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D.2 Da. branes 


Now let us consider the case 11111111 = 1 which is rather more subtle. By construction 
(i 9 1 — H0 2 ) again satisfies a pure Dirichlet boundary condition. Using the mode expansions 
(3.21) we find the explicit form to be 


r) = {9 1 — fl@ 2 )((T, r) = 2 ^2 c n e l ' JJnT {d rx U. + ill) sm{na)9 n , (D.10) 

n 


which is in fact the same as in (D.6); it also satisfies the commutation relation given in (D.8). 
Thus for the non-zero modes, the Poisson-Dirac brackets are the same as in the IUHIU = — 1 
case, namely (D.9). To extract the brackets for the zero modes is rather harder, because 
they drop out of both this Dirichlet combination and of the natural Neumann combination 
which is 


On(v, t) 


{9 l + Qd 2 )(a,T 



da'{Ue' 2 + nU9 1 )(a',T). 


(D.ll) 


This is Neumann because using the held equations, and the boundary conditions, its sigma 
derivative vanishes on the boundary. Explicitly, 


da-6 n {o’ i t) = 2 c n LU n e tUriT (id n Tl — 12) sm{na)O r , 


(D.12) 


To derive the zero mode commutation relations we should work directly with the fields 9 1 ,9 2 
which are not expanded in terms of orthogonal functions. 

Explicitly evaluating the anticommutators using the mode expansions (3.21) we find 


{9 1 {a,r),e 1 {a , ,T)} D , B . = ^ T 7r(7 + )h(cr, ( T / ) 


(D.13) 


= {V+9+,V+9+}e m ^+ a ^ + {V+9+ 

+{P-^o 1 V+e+}e- m{a - a ' ) + ,P_0q } e - m(<HV) 

4—— | q*7 + cos n(cr — a) — i 4 c n7 + cos n{cr 4- a') 

^ \n >0 n >0 

4 -\i ^ d n Cn( 1 — 4)7+1211 sinn(cT 4- a').! 


n> 0 


In this expression we have substituted the brackets for the non-zero modes. We have 
also set the anticommutators of the zero modes with non-zero modes to zero. Had these 
anticommutators being non-zero the right-hand side of the above expression would be time- 
dependent. The other anticommutators are 


{d 1 {a,T),U9 2 {a\T)} D . B . 


0 (D.14) 

{P+9+,V+9+}e m(rT+a '^ - {P+9+, V-9q } e "*(*-<0 
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and 


+{P_6>o ,V+e+}e- m ^- a,) - {P-6q,V-6q }e~ m{ - (T+a ' ) 
+ -^ | i y 4(1 — d^) 2 17Il7 + cos n(cr + cr') 

^ V n>0 

+ 5 * ^ rfnC^(l - dn)7 + sinn(cr + cr') , 
n>0 / 


{U0 2 {a,T),U6 2 {a',T)} D .B. = -^TT('y + )6(a,a') (D.15) 

= {'P+Oq, V+e+}e m{ - a+a ^ - {P+0+, 

- {P- 9o , P+ 6+} e-M—':) + {P_ g- ? P_ 0- } e -m(<r+<r') 

+ ^ ^ |ry + cos n(cr - cr') - * ^ g?M 7 + cos n(a + cr') 

^ Vn>0 n>0 

+ ^i ^ d n c^(l — c^Jy+DII sinn(cr + cr') J , 

n> 0 / 

where again we have used the relations for non-zero inodes. It is also convenient to insert 
factors of II into the brackets as we have done. Note that (D.13) and (D.15) can be simplified 
using the identity 

|z 7 T( 5 (cr, cr') = \i+ \i cos(n(a — cr')). (D.16) 

n> 0 

Now the Poisson-Dirac brackets for the fermionic zero modes must satisfy all three expres¬ 
sions. Comparing (D.13) and (D.15) we find that 


{P+0 o +,P_0 o -} D . B . =0. 


(D.17) 


This means that (D.13) can be simplified to give 

i = aP+e rn( - 0 '+ <T ^ + 0P_e _m(CT + ,7 ^ ^—^-(mcosn(cr + cr') — nflllsinn(<7 + cr')). 

8 ^ Aim 2 + n 2 ) 

n>0 x 7 

(D.18) 

Similarly (D.14) yields, 

0 = aV. |_e m ^ +<T ^ — b'P-e~ m( ' a+a '^ + ^-^-(m sin n(a + cr') + nDII cos n(a + cr')). 

^4(m 2 + n 2 ) 

n>o v ' 

(D.19) 

where we anticipate that 

{P+0 o +,P+0 o +} D . B . = ^«P+7 + - (D.20) 

{P_0 o -,P_0 o -} D . B . = ^6P-7 + - 
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and we used the relations 


m 


dr (y — 

4( n 2 + m 2 ) 


d n (l-d 2 n )c* = 


mn 


4(i -dlf = 


2(n 2 + m 2 )' 
n 2 


(D.21) 


(D.22) 


m 2 + n 2 

Notice that (D.19) is equal to the a derivative of (D.18), so we only need to solve the latter. 
Since a and b are each multiplied by orthogonal projection operators, we can obtain two 
decoupled equations by multiplying (D.18) by V+ and V-, respectively. The result is 


1 = oe m(«T+ t r')_ 


E 

n>0 


m 


4 (n 2 + m 2 


1 = be ~rn(v+*') 


m 


n> 0 


4(n 2 + m 2 ) 


-(m cos n(a + a) — nsinn(<7 + a')), (D.23) 

(m cos n(a + a') + nsinn(<r + a')), 


Notice that the equation for b is identical to the equation for a but with m —> —m. Thus, 
it is sufficient to solve (D.23). 

To solve (D.23) we note that the variable a + a' takes values in [0, 2id\. The Fourier 
transform of the exponential is given by 


0 m(a+a’) _ i_^g27rm _ 


7T 




m 


2m z —' n 2 + m 2 

n> o 


{m cos n(a + a') — n sin n(a + a 1 )) (D.24) 


Inserting in (D.23) we determine a, 


tt m 


a = 


b = 


4( e 27rm _ I'j ’ 

7T?ne 27rm 


(D.25) 


4(e 27rm - 1)' 

where we used b = a(—m). Note that these do reduce to the usual flat space anticommuta¬ 
tors in the flat space (m —> 0) limit. 

Notice that the (+,—,0,4) and (+,—,4,0) branes are special in that fill = 1, which 
implies T+ = 0 and we only have the zero modes 6^. The derivation we presented still 
holds, but we need to set = 0 and ++ = 1 in all formulas. In particular, 


{e^,e+} D .B. = ^«7 + - (d.26) 

with the same a as in (D.25). For the corresponding anti-branes with fill = —1, it is 6q 
and b which are non-zero. 
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E Kappa symmetry projections for time dependent branes 


In this appendix we use the kappa symmetry projection to show the number of (closed 
string) supersymmetries preserved by rotating and time-dependent D3-branes. 

(c) 

In the plane wave background the curved space gamma matrices, denoted here by r„/ , 
are related to the 32 dimensional flat space matrices given in appendix A as 

4 c) = - / rr + + i M ^(x / ) 2r _; rL c) = -M“ 1 r_; rf = r,. (e.i) 

1=1 

The Killing spinors of the background may conveniently be written as 

e = (l + *P)(tf fl + »*/); (E.2) 

4 8 

p = xTji + j'Ti'U'y, 

i= 1 i '=5 

= (A_|_ + cos( / u,t + )A_ + nsin(^x + )r/_); 

T/ = (r/ + + cos(/urc + )ry_ — IIsin(^.T + )A_), 

where the 32 dimensional constant negative chirality spinors r]± and A-j_ satisfy T= 

r±A± = o. 

The kappa symmetry projection associated with any brane embedding is defined by [28] 

= -e-^C- 1 ^ A X\ vol , (E.3) 

where X = ©n T( 2 n )K n I, | vo i indicates that one should pick the terms proportional to the 
volume form, and the operations I and K act on spinors as lip = —iip and K‘ip = ip*. 
is the value of the DBI Lagrangian evaluated on the background. Here we have used the 
notation 

V ^ = h d ^ n A - Ad e i r il ... in , (E.4) 

where T^...^ is the pullback for the target space gamma matrices 

I',,..,,, = d il X m \..d in X m -T^l_ mn . (E.5) 

For the case in hand, a D3-brane whose worldvolume directions are (x + , x~, x 1 , x 2 ) and 
whose transverse positions are x r (x + ), the kappa symmetry projection is Te = e where 

T = -i{Q + R)- Q = T + _ i 2 ; R = Y j ^- 1 d + x r 'T_ V2rl . (E.6) 

r' 

and e is the killing spinor in (E.2) evaluate on the worldvolume of the D3-brane. From the 
real and imaginary parts of the projection we get two independent equations which are 

Q^ r + RX + -QPt ]+ = 7+; (E.7) 

QT/ + Rr] + + QPX + = 'S> R -Pr] + , 
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where we have used RX- = Rip- = P A_ = Pip- = 0. Inserting 'I 'n and T j from (E.2) we 
get 

( QX+ + ??+) + (QX- + t] _) cos(^x + ) + Usin(nx + )(Qip- - A_) + (i? + P)A + = QPip + ]( E.8) 
(<2??+ - A + ) + (Qr/- - X-) cos(/U.t + ) - II sin(/rx + )((5A_ + ip-) + (R + -P)r/ + = -QPA+ 

These equations should hold for any values of the worldvolume coordinates. This implies 
that the part that is independent of the worldvolume coordinates should vanish separately, 

QX+ = -iP+. (E.9) 

This relates the real and imaginary parts of the parts of the spinor satisfying T + e = 0. The 
remaining equations can be satisfied by imposing separately: 

QX- = —ip-', RQip+ = [Q,P]ip+, {Q,R} = 0. (E.10) 

The last equation holds automatically for the R and Q given in (E.6). The first one can 
always be satisfied for non-zero A_ independently of x r ' (x + ); thus any time dependent 
branes always preserve at least one quarter of the closed string supersymmetries, that is, half 
the Q + . The second equation in (E.10) imposes further constraints on r)+ and determines 
which closed string dynamical supercharges are preserved. As noted in [11], this equation 
is satisfied automatically if the constant transverse positions are at the origin whilst if any 
are not we project out the r} + and A + and break all the Q~. 

The solution in (E.10) is not the most general solution of (E.8), however. R and P may 
depend on x + in such a way that these terms may be combined with the remaining terms in 
(E.8) rather than treated separately as is done in (E.10). This is exactly what happens for 
the symmetry-related branes. Recall that for these branes the relevant boundary conditions 
are (2.35). For these boundary conditions, we still have eight independent solutions to (E.8) 
satisfying 

QX- = -? 7 _; r/ + = 0. (E.ll) 

These are the eight kinematical supercharges which are preserved irrespective of the time 
dependent boundary conditions. Furthermore, with the boundary conditions (2.35) there 
are eight additional solutions to (E.8) (provided that the other transverse scalars are zero) 
for which 

r]- + QX- = ^2(b r 'T- r , - a r 'UT- 12r ,)i 1+ . (E.12) 

r' 

with (E.9) also satisfied. The total number of preserved supersymmetries is thus sixteen 
as expected. Furthermore the specific combination of supersymmetries preserved in (E.12) 
agrees with that found in the open string analysis. 
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